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Abstract 

We establish criteria for the stability of the essential spectrum for unbounded 
operators acting in Banach modules. The applications cover operators acting on 
sections of vector fiber bundles over non-smooth manifolds or locally compact 
abelian groups, in particular differential operators of any order with complex mea- 
surable coefficients on R n , singular Dirac operators, and Laplace-Beltrami opera- 
tors on Riemannian manifolds with measurable metrics. 
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The main purpose of this paper is to establish criteria which ensure that the difference 
of the resolvents of two operators is compact. In order to simplify later statements, we 
use the following definition (our notations are quite standard; we recall however the 
most important ones at the end of this section). 

Definition 1.1 Let A and B be two closed operators acting in a Banach space Jtff. 
We say that B is a compact perturbation of A if there is z E p{A) n p(B) such that 
(A — z)^ 1 — (B — z)" 1 is a compact operator. 

Under the conditions of this definition the difference (A — z)^ 1 — (B — z)^ 1 is a 
compact operator for all z £ p(A) n p(B). In particular, ifB is a compact perturbation 
of A, then A and B have the same essential spectrum, and this for any reasonable 
definition of the essential spectrum, see [GW|. To be precise, in this paper we define 
the essential spectrum of A as the set of points AeC such that A — A is not Fredholm. 

We shall describe now a standard and simple, although quite powerful, method of 
proving that B is a compact perturbation of A. Note that we are interested in situa- 
tions where A and B are differential (or pseudo-differential) operators with complex 
measurable coefficients which differ little on a neighborhood of infinity. An important 
point in such situations is that one has not much information about the domains of the 
operators. However, one often knows explicitly a generalized version of the "quadratic 
form domain" of the operator. Since we want to consider operators of any order (in par- 
ticular Dirac operators) we shall work in the following framework, which goes beyond 
the theory of accretive forms. 

Let W, Jtf, ^ be reflexive Banach spaces such that 5f C ffl C continuously 
and densely. We are interested in operators in J^ 9 constructed according to the follow- 
ing procedure: let A , B be continuous bijective maps W — ► and let A, B be their 
restrictions to A^ 1 r J^f and B^ 1 Jtf '. These are closed densely defined operators in Jrf? 
and z = e p(A) n p(B). Then in B(Jt, <S) we have 

Aq 1 -Bq 1 =Aq 1 (B -A )Bo 1 . (1.1) 

In particular, we get in B(J%?) 

A' 1 -B- 1 = AoHB - A )B-\ (1.2) 

We get the simplest compactness criterion: if Aq — Bq : <S — > J?T is compact, then 
B is a compact perturbation of A. But in this case we have more: the operator Aq 1 — 
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Bq 1 : — * ( S is also compact, and this can not happen if Aq, Bq are differential 
operators with distinct principal part (cf. below). This also excludes singular lower 
order perturbations, e.g. Coulomb potentials in the Dirac case. 

The advantage of the preceding criterion is that no knowledge of the domains 
T>(A), T>{B) is needed. To avoid the mentioned disadvantages, one may assume that 
one of the operators is more regular than the second one, so that the functions in its 
domain are, at least locally, slightly better than those from Sf ', Note that T)(B) when 
equipped with the graph topology is such that T>{B) C 5f continuously and densely 
and we get a second compactness criterion by asking that Aq — Bq : T>(B) — > be 
compact. This time again we get more than needed, because not only B is a compact 
perturbation of A, but also Aq 1 — Bq 1 : ffl — > £f is compact. However, perturbations 
of the principal part of a differential operator are allowed and also much more singular 
perturbations of the lower order terms, cf. |N1 1 for the Dirac case. 

In this paper we are interested in situations where we have really no information 
concerning the domains of A and B (besides the fact that they are subspaces of ( S). 
The case when A, B are second order elliptic operators with measurable complex co- 
efficients acting in Jif = L 2 (W l ) has been studied by Ouhabaz and Stollmann in |OS | 
and, as far as we know, this is the only paper where the "unperturbed" operator is not 
smooth. Their approach consists in proving that the difference A~ k — B~ k is compact 
for some k > 2 (which implies the compactness of A^ 1 — B^ 1 ). In order to prove this, 
they take advantage of the fact that T>(A k ) is a subset of the Sobolev space W l p for 
some p > 2, which means that we have a certain gain of local regularity. Of course, 
LP techniques from the theory of partial differential equations are required for their 
methods to work. 

We shall explain now in the most elementary situation the main ideas of our ap- 
proach to these questions. Let ffl = L 2 (R) and P = — i4-. We consider operators 
of the form Aq = PaP + V and Bq = PbP + W where a, b are bounded operators 
on J$? such that Re a and Re b are bounded below by strictly positive numbers. V and 
W are assumed to be continuous operators — > Ji? -1 , where J4? s are Sobolev 
spaces associated to Then Aq, Bq S B(J%? 1 , Jrf? -1 ) and we put some conditions 
on V, W which ensure that Aq, Bq are invertible (e.g. we could include the constant 
z in them). Thus we are in the preceding abstract framework with 'S = Jt? 1 and 
Jt = J?- 1 = <S*. Then from (O we get 

A' 1 - B- 1 = AQ X P{b - ^PB- 1 + A Q X (W - V)B-\ (1.3) 

Let R be the first term on the right hand side and let us see how we could prove that it 
is a compact operator on ,3$?. Note that the second term should be easier to treat since 
we expect V and W to be operators of order less than 2. 

We have C Jf 1 , so we can write R = tp{P)R 1 for some ip e B (R) 

(bounded Borel function which tends to zero at infinity) and i?i 6 B(Jf?). This is just 
half of the conditions needed for compactness, in fact R will be compact if and only if 
one can also find ip € Bq(M.) and i?2 € B(J^) such that R = <f{Q)R^, where tp(Q) 
is the operator of multiplication by ip. Of course, the only factor which can help to get 
such a decay is b — a. So let us suppose that we can write b — a = £(Q)U for some 
£ € Bq(M) and a bounded operator U on J$f. We denote S = A^P and note that this 
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is a bounded operator on JtfP, because P : Jif — > 1 and A 1 : 1 — > J£f 1 are 
bounded. Then R = S^Q^PB' 1 and C/Pfi- 1 G B(J^), hence i? will be compact 
if the operator S G B(J^f) has the following property: for each £ S -Bo(K) there are 
y> g S (R) and T G ) such that S£(Q) = <p{Q)T. 

An operator 5 with the property specified above will be called decay preserving. 
Thus we see that the compactness of R follows from the fact that S preserves decay and 
our main point is that it is easy to check this property under very general assumptions on 
A, cf. Coroll arv 12 . 2 1 1 and Proposition ^. 101 for abstract criteria, Lemmas |4. 1 41 18 . 2| and 
17. H and Theorems 16. 51 and l6.6l for more concrete examples. Note that the perturbative 
technique described in Proposition l3.7l shows that in many cases it suffices to prove the 
decay preserving property only for operators with smooth coefficients (cf. Lemma lTTY 

An abstract formulation of the ideas described above (see Proposition ^. 1 6> allows 
one to treat situations of a very general nature, like pseudo-differential operators on 
finite dimensional vector spaces over a local 1 (for example p-adic) field, in particular 
differential operators of arbitrary order with irregular coefficients on M n , the Laplace 
operator on manifolds with locally L°° Riemannian metrics, and operators acting on 
sections of vector bundles over locally compact spaces. Sections|4]0Gland[8]are de- 
voted to such applications. We stress once again that, in the applications to differential 
operators, we are interested only in situations where the coefficients are not smooth 
and the lower order terms are singular. 

Plan of the paper: In Section [2] we introduce an algebraic formalism which allows 
us to treat in a unified and simple way operators which have an algebraically compli- 
cated structure, e.g. operators acting on sections of vector fiber bundles over a locally 
compact space. The class of decay improving (or vanishing at infinity) operators is de- 
fined through an a priori given algebra of operators on a Banach space Jff, that we call 
multiplier algebra of Jif, and this allows us to define the notion of decay preserving 
operator in a natural and general context, that of Banach modules. Several examples of 
multiplier algebras are given Subsections l2. Il l4landl6l We stress that Section|2]is only 
an accumulation of definitions and straightforward consequences. 

We mention that this algebraic framework allows one to study differential opera- 
tors in L p or more general Banach spaces. Since these extensions are rather obvious 
and the examples are not particularly interesting, we shall not consider explicitly such 
situations. 

Section|5]contains several abstract compactness criteria which formalize in the con- 
text of Banach modules the ideas involved in the example discussed above. 

In Subsection l4.4l we give our first concrete applications of the abstract theory: we 
consider "hypoelliptic" operators on abelian groups and treat as an example the Dirac 
operators on R™. In Section|5]we discuss operators in divergence form on R", hence 
of order 2m with m > 1 integer, with coefficients of a rather general form (they do not 
have to be functions, for example). 

In Section we present several results concerning the case when the coefficients 
of the operator A — B vanish at infinity only in some weak sense. This question has 
been studied before, for example in IHellLVIIOSIIWel . We present the notion of weakly 

1 See | Sa Ta for the corresponding pseudo-differential calculus. 
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vanishing at infinity functions in terms of filters finer than the Frechet filter, a natural 
idea in our context being to extend the standard notion of neighborhood of infinity. 

If X is a locally compact space, it is usual to define the filter of neighborhoods of 
infinity as the family of subsets of X with relatively compact complement; we shall 
call this the Frechet filter. If J 7 is a filter on X finer than the Frechet filter then a 
function ip : X — > C such that lim^- p — can naturally be thought as convergent to 
zero at infinity in a generalized sense (recall that lim^ ^5 = means that for each e > 
the set of points x such that |y(x)| < e belongs to T ). In Subsection [5] we consider 
three such filters and describe corresponding classes of decay preserving operators in 
Theorem l6.ll Proposition ^. 7l and Theorem l6.5l 

Theorem l6.5l is a consequence of a factorization theorem that we prove in Section 
[9] and which involves interesting tools from the modern theory of Banach spaces. In 
fact, Theorem l9.7l the main result of Section|9j is a version of the "strong factorization 
theorem" of B. Maurey (see Theorem 19. 1> which does not seem to be covered by the 
results existing in the literature. We also use Maurey's theorem directly to prove some 
of our main results, for example Theorems l8 ,7l and l8 . 81 which depend on Theorem l6.ll 

Theorem l7.4l is one of the main applications of our formalism: we prove a compact- 
ness result for operators of order 2m in divergence form assuming that the difference 
between their coefficients vanishes at infinity in a weak sense. Such results were known 
before only in the case m = 1, see especially Theorem 2.1 in |OS|. We assume that 
the coefficients of the higher order terms are bounded, thus their Theorem 3.1 is not 
covered unless we add an implicit assumption, as is done in | OS | (or in our Theorems 
18. 71 and IQt . In fact, our main abstract compactness result Theorem l3.2l is stated such 
as to apply to situations when the coefficients of the principal part of the operators are 
locally unbounded, as in | Bal Ba2 1, but we have not developed this idea here. 

Perturbations of the Laplace operator on a Riemannian manifold with locally L°° 
metric are considered in Section [8] We introduce and study an abstract model of this 
situation which fits very naturally in our algebraic framework and covers the case of 
Lipschitz manifolds with measurable metrics. We consider in more detail the case 
when the manifold is C 1 (but the metric is only locally and establish stability 
of the essential spectrum under certain perturbations of the metric, see Theorems 18 .41 
18. 71 and WM We also consider, in an abstract setting and without going into technical 
details, the Laplace operator acting on differential forms. 

In an Appendix we collect some general facts concerning operators acting in scales 
of spaces which are often used without comment in the rest of the paper. 

Notations: If if and Jrf? are Banach spaces then B(if, J4?) is the space of bounded 
linear operators if — > J^ 5 , the subspace of compact operators is denoted /C(5f , J^ 5 ), 
and we set = £(Jf , ) and K(Jf?) = K(Jf,Jf). The domain and the 

resolvent set of an operator S will be denoted by T>(S) and p(S) respectively. The 
norm of a Banach space if is denoted by || • \\cg and we omit the index if the space 
plays a central role. The adjoint space (space of antilinear continuous forms) of a 
Banach space if is denoted if* and if u € if and v E if* then we set v(u) — (u, v). 
The embedding if C if** is realized by defining (v, u) — (u, v). 

If if, Jff, are Banach spaces such that if C J^f continuously and densely and 
J^f C continuously then we we have a natural continuous embedding B{3ff) 
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B(W, that will be used without comment later on. 

A Friedrichs couple (£f \<%?) is a pair of Hilbert spaces £f, together with a 
continuous dense embedding 5f C <¥tf . The Gelfand triplet associated to it is obtained 
by identifying ffl = ^* with the help of the Riesz isomorphism and then taking the 
adjoint of the inclusion map 5f — > . Thus we get C J^ 5 C 'S* with continuous 
and dense embeddings. Now if u G 5^ and t> G C ^* then (u, v) is the scalar 
product in of u and v and also the action of the functional v on u. As noted above, 
wehaveS(JT) c6(^f). 

If X is a locally compact topological space then B(X) is the C* -algebra of bounded 
Borel complex functions on X, with norm sup^g^ |<p(ar)|, and Bq(X) is the subalge- 
bra consisting of functions which tend to zero at infinity. Then C(X), Cb(X), Cq(X) 
and C C (X) are the spaces of complex functions on X which are continuous, continu- 
ous and bounded, continuous and convergent to zero at infinity, and continuous with 
compact support respectively. We denote X$ the characteristic function of a set S C X. 

Acknowledgments: We would like to thank Francoise Piquard: several discussions 
with her on factorization theorems for Banach space operators have been very helpful 
in the context of Sectional We are also indebted to Francis Nier for a critical reading of 
the first version of this text and for several useful suggestions and to Thierry Coulhon 
for a discussion concerning the regularity assumptions from Theorems l8 ,7l and l8 . 8l and 
for the references lACIIACDHl . 

2 Banach modules and decay preserving operators 
2.1 Banach modules 

We use the terminology of | FD | but with some abbreviations, e.g. a morphism is a linear 
multiplicative map between two algebras, and a *-morphism is a morphism between 
two ^-algebras which commutes with the involutions. We recall that an approximate 
unit in a Banach algebra M. is a net { J a } in Ai such that || J a \\ < C for some constant 
C and all a and lim Q || J a M - M\\ = lim Q \\MJ a - M\\ = for all M S M. An 
approximate unit exists if and only if there is a number C such that for each e > 
and for each finite set T C M there is J G M with ||J|| < C and \\JM - M\\ < 
e, \\MJ — M\\ < e for all M G T . It is well known that any C*-algebra has an 
approximate unit. If ^ is a Banach space, we shall say that a Banach subalgebra M. 
of B(,3<?) is non-degenerate if the linear subspace of ,3<? generated by the elements 
Mu, with M G M and u G Jf? , is dense in Jtf. 

In view of its importance in our paper, we state below the Cohen-Hewitt factoriza- 
tion theorem £15] Ch. V-9.2]. 

Theorem 2.1 Let C be a Banach algebra with an approximate unit, let S be a Banach 
space, and let Q : C — > B(S') be a continuous morphism. Denote Sq the closed linear 
subspace of S' generated by the elements of the form Q((p)v with ip G C and v G S. 
Then for each u G So there are if G C and v G $ such that u — Q((p)v. 

Now we introduce the framework in which we shall work. 
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Definition 2.2 A Banach module is a couple (34? ,M.) consisting of a Banach space 
34? and a non-degenerate Banach subalgebra M of 13(34?) which has an approximate 
unit. If 34? is a Hilbert space and M. is a C* -algebra of operators on 34?, we say that 
34? is a Hilbert module. 

We shall adopt the usual abus de language and say that 34? is a Banach module (over 
A4). The distinguished subalgebra A4 will be called multiplier algebra of 34? and, 
when required by the clarity of the presentation, we shall denote it A4(34?). We are 
only interested in the case when M. does not have a unit: the operators from M. are 
the prototype of decay improving (or vanishing at infinity) operators, and the identity 
operator cannot have such a property. Note that it is implicit in Definition 12 . 21 that ;/ 
34? is a Hilbert module then its adjoint space 3f* is identified with 3V with the help 
of the Riesz isomorphism. 

If {^q} is an approximate unit of M., then the density in 3f of the linear subspace 
generated by the elements M u is equivalent to 

lim || J a u - u|| = for all u £ 3i? . (2.4) 

a 

But much more is true: 

u £ 34? => u = Mv for some M £ M and v € 34?. (2.5) 

This follows from the Cohen-Hewitt theorem, see Theorem 12.11 By using i2.4\ we 
could avoid any reference to this result in our later arguments; this would make them 
more elementary but less simple. From Theorem l2.1l we also get: 

Lemma 2.3 Assume that A is a Banach algebra with approximate unit and that a 
morphism $ : A — > M. {34?) with dense image is given. Then each u £ 34? can be 
written as u = Av where A £ <&(A) and v £ 34?. 

Example 2.4 The simplest example of Banach module is the following. Let X be a 
locally compact non-compact topological space and let 34? be a Banach space. We say 
that 34? is a Banach X-module if a continuous morphism Q : Cq(X) — > B(34?) has 
been given such that the linear subspace generated by the vectors of the form Q(tp)u, 
with ip £ Cq(X) and u £ 3f, is dense in 34?. If 34? is a Hilbert space and Q 
is a *-morphism, we say that 34? is a Hilbert X-module. We shall use the notation 
<p(Q) = Q (<£>)■ The Banach module structure on 34? is defined by the closure M. 
in B(3V) of the set of operators of the form ip(Q) with <p £ Cq(X). In the case of 
a Hilbert X-module the closure is not needed and we get a Hilbert module structure 
(because a *-morphism between two C*-algebras is continuous and its range is a C*- 
algebra). Banach X-modules appear naturally in differential geometry as spaces of 
sections of vector fiber bundles over a manifold X, and this is the point of interest for 
us. 

Remark 2.5 In the case of a Banach X-module, Lemma l2~3l gives: each u £ 34? 
can be written as u — i/j(Q)v with ip £ Cq(X) and v £ 34?. In particular, we 
deduce that the morphism Q has an extension, also denoted Q, to a unital continuous 
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morphism ofC^{X) into B(Jff') which is uniquely determined by the following strong 
continuity property: if {<p n } is abounded sequence in Cb(X) such that ip n — ► <p locally 
uniformly, then (f n (Q) — ► <p(Q) strongly on Jff. Indeed, we can define ip{Q)u = 
(<pip)(Q)v for each <p £ Cb(X); then if e a is an approximate unit for Cq(X) with 
||e Q || < 1 we get ip(Q)u = lim(<pe a )(Q)u hence the definition is independent of the 
factorization of u and 1 1 y(Q)|| < ||Q|| sup \<p\. 

Remark 2.6 If Jt? is a Hilbert X -module one can extend the morphism even further: 
Q canonic ally extends to a *-morphism (p i— > (f(Q) ofB(X) into B(J^f) such that 2 : if 
{tpn} is a bounded sequence in B{X) and lim rl _> 00 ip n (x) = <p(x) for all x G X, then 
s-lim n <f n (Q) = <p(Q). This follows from standard integration theory see I Bel ILol . 
In particular, a separable Hilbert X-module is essentially a direct integral of Hilbert 
spaces over X, see llDil II.6.2], but we shall not need this fact. 

The class of X-modules is more general than it appears at first sight. Indeed, if C 
is an abelian C*-algebra then one has a canonical identification C = Cq(X) where X 
is the spectrum of C. However, the space X is in general rather complicated so it is not 
really useful to take it into account. In particular, this happens in the following class of 
examples of interest in applications (see Section[7}. 

Example 2.7 Let X be a set and T a filter on X. Let us choose a C* -algebra C of 
bounded complex functions on X (with the sup norm) and then let Co be the set of 
ip E C such that linijr tp = 0. Then Cq is a C* -algebra and its spectrum X contains X 
but is much larger than X in general. 

Let us say that a Banach module structure defined by a Banach algebra Af on J4? 
is finer than that defined by A4 if A4 C Af. In the next example we show that, by 
using the same idea as in Examnle l2.7l one can define on each X-module new Banach 
module structures finer than the initial one. In Section0we shall consider the question 
of the stability of the essential spectrum in situations of this type, when the perturbation 
vanishes at infinity in a weak sense. 

Example 2.8 Let be a Hilbert X-module over a locally compact non-compact 
topological space X and let T be a filter on X finer than the Frechet filter. We ex- 
tend the morphism Q to all of B(X) as explained in Remark l2~6l and observe that we 
get a finer Hilbert module structure on J^f by taking {<f(Q) | limjr (p = 0} as multi- 
plier algebra. One can proceed similarly in the case of a Banach X-module, it suffices 
to replace B(X) by C h (X). 

We now give an example of a non-topological nature. 

Example 2.9 Let (X, /i) be a measure space with n(X) = oo. We define the class 
of functions which "vanish at infinity" as follows. Let us say that a set F C X is of 
cofinite measure if its complement F c is of finite (exterior) measure. The family of 

2 If X is second countable then this property determines uniquely the extension. In general, uniqueness 
is assured by the property: if U C X is open then Xjj(Q) = sup^, <p(Q), where tp runs over the set of 
continuous functions with compact support such that < ip < Xjj. 
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sets of cofmite measure is clearly a filter T^. If <p is a function on X then lim^r ip = 
means that for each e > the set where |</?(x)| > e is of finite measure. We denote 
B^X) the C*-subalgebra of L°°(X) consisting of functions such that lirrijr ip = 0. 
Let be the set of (equivalence classes of) Borel subsets of finite measure of X. 
Then {Xiy}]y e N t is an approximate unit of B^(X) because for each ip £ B fi (X) and 
each e > we have N = {x \ \<p{x)\ > e} S W M and ess-sup |</? — X^tp\ < e. Now it 
is clear that L 2 (X) and, more generally, any direct integral of Hilbert spaces over X, 
has a natural Hilbert module structure with B^(X) as multiplier algebra. 

If is a Banach module and the Banach space Jif is reflexive we say that Jff 
is a reflexive Banach module. In this case the adjoint Banach space Jtf* is equipped 
with a canonical Banach module structure, its multiplier algebra being A4(J^f*) := 
{A* | A e M(Jt?)}. This is a closed subalgebra of B(Jt?*) which clearly has an 
approximate unit and the linear subspace generated by the elements of the form A*v, 
with A e M(J4?) and v e J4?*, is weak*-dense, hence dense, in Jtf*. Indeed, if 
u e if and (it, A*v) = for all such A, v then Au = for all A £ M{Jf) hence 
u = because of i2.4l . 

Example 2.10 For each real number s let 3rif s := r Jrf? s (R n ) be the Hilbert space of 
distributions u on M™ such that \\u\\^ := f(l + |/c| 2 ) s |u(fc)| 2 <ifc < oo, where u is 
the Fourier transform of u. This is the usual Sobolev space of order s on W 1 . The 
algebra 5^ of Schwartz test functions on W 1 is naturally embedded in B(J4? S ), a func- 
tion ip £ 5? being identified with the operator of multiplication by tp on Jif s . If we 
denote by A4 S the closure of in B(J$? S ), then clearly (J^f s , A4 S ) is a Banach mod- 
ule and this Banach module is a Hilbert module if and only if s = 0. The module 
adjoint to (Jf s , M s ) is identified with (Jf~ s ,M^ s ). Note that M s can be real- 
ized as a subalgebra of A4° — Co(K"), namely A4" is the completion of 5^ for the 
norm ||y||jV( s : = su P|| u || s =i ll</? u IU> ar, d tnen we have A1 s = M.~ s isometrically and 
M s C M f if s > t > (by interpolation). 

Definition 2.11 A couple (£f , Jff) consisting of a Hilbert module 3t and a Hilbert 
space £f .smc/; 5^ C continuously and densely will be called a Friedrichs 
module. // ffl is a Hilbert X-module over a locally compact space X, we say that 
(&, Jt?) is a Friedrichs X-module. If M{34?) CK(&, Jf), we say that JT) is 
a compact Friedrichs module. 

In the situation of this definition we always identify Jt? with its adjoint space, which 
gives us a Gelfand triplet W C J4? C If (W, Jt?) is a compact Friedrichs module 
then each operator M from Ai(J^f) extends to a compact operator M : Jif — ► W* 
(this is the adjoint of the compact operator M* : W — > Jif). Thus we shall have 

Example 2.12 With the notations of Examr>le l2.10l if we set Ji? = Jt? and take s > 
0, then (J4? s , Jt?) is a compact Friedrichs module and the associated Gelfand triplet is 
Jt? s C Jff C Jt?~ s . Indeed, if ip S C (R n ) then the operator of multiplication by ip 
is a compact operator Jt? s — > 
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2.2 Decay improving operators 

Let X and X be Banach spaces. If X is a Banach module then we shall denote 
by Bq(X, X) the norm closed linear subspace generated by the operators MT, with 
T G B(X, X) and M G M(X). We say that an operator in B^(X, X) is decay 
improving, or left vanishes at infinity (with respect to Ai(X), if this is not obvious 
from the context). If J a is an approximate unit for A4(X), then for an operator 
S G B[X , X) we have: 

SeB^(X,X) lim || J a S - S\\ =0 (2.6) 

a 

S = MT for some M G M{X) and T G B(X, X). 

The second equivalence follows from the Cohen-Hewitt theorem (Theorem l2.U . 

If X is a Banach module then one can similarly define Bq (X, X) as the norm 
closed linear subspace generated by the operators TM with T G B(X ', X) and M G 
A4(X). We say that the elements of Bq(J4?, X) right vanish at infinity. If both 
X and X are Banach modules then both spaces Bq [X , X) and Bq(X, X) make 
sense and we set B (X, X) = B 1 q{X , X) n Bq"{X, X). 

Some simple properties of these spaces are described below. 

Proposition 2.13 If X is a reflexive Banach module and S G Bq(X , X) then S* 
belongs to B^{X\X*). 

Proof: We have S = MT with M G M{X) and T G B{X,X) by (IZ6l . which 
implies 5* = T*M* and we have M* € M [X* ) by definition. ■ 

Proposition 2.14 If X is a Hilbert module then Bo{X) is a C* -algebra and an 
operator S G B{X) belongs to it if and only if one can write S = MTN with 
M,NeM{X)andTeB{X). 

Proof: B (X) is clearly a C* -algebra, so if S G B (X) then S = SiS 2 for some 
operators Si,S 2 G S (Jf ). Thus 5*1 = MT X and S 2 = T 2 N for some M, N G 
.Mpf ) and T u T 2 G Bpf ), hence 5 = MT^N. ■ 

Proposition 2.15 /jf is a Banach module then IC(X, X) C Bq(X, X). If X 
is a reflexive Banach module, then 1C(X ' , X) C Bq(X, X). 

Proof: If {J a} is an approximate unit for Ai(X) then s-lim a J a u = u uniformly in 
u if u belongs to a compact subset of X . Hence if S G JC (X , X) then lim Q 1 1 J a S — 
511=0 and thus S € Bq(X, X) by ( 12. 6> . To prove the second part of the proposi- 
tion, note that if S G K,(X,X) then S* G /C(^*,^T*), so S* G ^(Jf*, Jf*) 
by what we just proved, hence S** G # r (^, J^**) by Proposition 12131 Thus we 
get lime || S**J a - 5**|| = if { J a } is an approximate unit for M(X). But clearly 
S = S**, hence S* G B^{X,X). ' ■ 

Proposition 2.16 Let X be a Banach module and §f a Banach space continuously 
embedded in X and such that for each M G A4(X) the restriction of M to W is a 
compact operator <S -> X. If R G B l {X) and RX C Sf, then R G /C(Jf ). 
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Proof: According to (12. 6> we have R — lim Q J a R, the limit being taken in norm. But 
R G B(X,@) by the closed graph theorem and J a G /C(5f, by hypothesis, so 
that J Q i? G JC{X). " ■ 



2.3 Decay preserving operators 

Definition 2.17 Let X , X fee Banach modules and let S G £>(c^, J^). We .say f/iaf 
5* is left decay preserving jj/or each M G A^(^) we have SM G Sq(^,^). 
We say that S is right decay preserving if for each M G M.{X) we have MS G 
Bq {X , X). If S is left and right decay preserving, we say that S is decay preserving. 

We denote B\(X , X), B r q (X \ X) and B q (X, X) these classes of operators (the 
index q comes from quasilocal, a terminology which is sometimes more convenient 
than "decay preserving"). These are closed subspaces of B(X, The next result is 
obvious; a similar assertion holds in the right decay preserving case. 

Proposition 2.18 Let { J a } be an approximate unit for M(X) and let S be an ope- 
rator in B{X ', X). Then S is left decay preserving if and only if one of the following 
conditions is satisfied: 

(1) SJ a G B},(X,X) for all a. 

(2) for each M G M(X) there are T G B(X , JT) and N G M(X) such that 
SM = NT. 

The next proposition, which says that the decay preserving property is stable under 
the usual algebraic operations, is an immediate consequence of Proposition ^. 181 There 
is, of course, a similar statement with "left" and "right" interchanged. We denote by 

X and X Banach modules. 

Proposition 2.19 (1) S G B l q {X, X) and T G B\(% ', X) =4> ST G Bffi, X). 

(2) // X, X are reflexive and S G B\{X , X), then S* G B T q {X* , X*). 

(3) If X is a Hilbert module then B q (X) is a unital C* -subalgebra ofB(X). 

Obviously B l Q {X, X) C B l q {X, X) and B^{X, X) C B r q {X ', X) but this 
fact is of no interest. The main results of this paper depend on finding other, more 
interesting examples of decay preserving operators. We shall give in the rest of this 
subsection some elementary examples of such operators and in Subsections |4] and [6] 
more subtle ones. 

From now on in this subsection X will be a locally compact non-compact topo- 
logical space. The support supp u C X of an element u of a Banach X-module 
X is defined as the smallest closed set such that its complement U has the property 
(p(Q)u — if ip G C C (U). Clearly, the set X c of elements u G X such that supp u is 
compact is a dense subspace of X . 

Let X, X be Banach X-modules, let S G B{X, X), and let ip, ijj G C(X), 
not necessarily bounded. We say that (p(Q)Sip(Q) is a bounded operator if there is a 
constant C such that 

M(QMQ)S^(QMQ)\\ < Csup|£|sup|»/| 
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for all £, rj G C C (X). The lower bound of the admissible constants C in this estimate 
is denoted \\(p(Q)Sijj(Q)\\. If is a reflexive Banach X-module, then the product 
(p(Q)Sip(Q) is well defined as sesquilinear form on the dense subspace Jf c * x J4? c of 
Jf* x J$? and the preceding boundedness notion is equivalent to the continuity of this 
form for the topology induced by J^* x J^f. We similarly define the boundedness of 
the commutator [S,<p(Q)]. 

Proposition 2.20 Assume that S G B(J4?, Jtf) and let 9 : X — > [l,oo[be a contin- 
uous function such that lim-r^oo 9(x) = oo. If 9(Q)S9~ 1 (Q) is a bounded operator 
then S is left decay preserving. If9~ 1 (Q)S9(Q) is a bounded operator then S is right 
decay preserving. 

Proof: Let K C X be compact, let U C X be a neighbourhood of infinity in X, and 
let (p, ip € Cb(X) such that supp <p C A", supp ip C U and |<p| < 1, < 1. Then 9<p 
is a bounded function and ipd^ 1 is bounded and can be made as small as we wish by 
choosing U conveniently. Thus given e > we have 

U(Q)s v (Q)\\ < ue- 1 ]] ■ ||0(g)50- 1 (g)|| • ||^|| < e 

if U is a sufficiently small neighbourhood of infinity. Then the result follows from 
Proposition ^. 1 8H ) and relation (12. 6> . H 

The boundedness of 9(Q)S8~ 1 (Q) can be checked by estimating the commutator 
[S, 0(Q)]; we give an example for the case of metric spaces. Note that on metric spaces 
one has a natural class of regular functions, namely the Lipschitz functions, for example 
the functions which give the distance to subsets: pk(x) = ini ye K p(x, y) for K C X. 

We say that a locally compact metric space (X, p) is proper if the metric p has the 
property lim^oo p(x, y) — oo for some (hence for all) points x G X. Equivalently, if 
X is not compact but the closed balls are compact. 

Corollary 2.21 Let (X, p) be a proper locally compact metric space. If S belongs to 
B(J4f, J^) and if [S, 9(Q)] is bounded for each positive Lipschitz function 9, then S 
is decay preserving. 

Proof: Indeed, by taking 9 = 1 + px and by using the notations of the proof of 
Pi'oposition l2.20l we easily get the following estimate: there is C < oo depending only 
on K such that 

MQ)SiP(Q)\\<C(l + p(K,U))-\ 

where p(K, U) is the distance from K to U. Since S* has the same properties as S, 
this proves that S is decay preserving. Note that the boundedness of [S, p x (Q)] for 
some x G X suffices in this argument. B 

3 Compact perturbations in Banach modules 

In this section (£f , will be a compact Friedrichs module in the sense of Defini- 
tion As usual, we associate to it a Gelfand triplet £f C Jtf 3 C £f* and we set 
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II ' II = II ' We are interested in criteria which ensure that an operator B is a 

compact perturbation of an operator A, both operators being unbounded operators in 
,3^ obtained as restrictions of some bounded operators iS — > Sf *. More precisely, the 
following is a general assumption (suggested by the statement of Theorem 2. 1 in | OS |) 
which will always be fulfilled: 

A, B are closed densely defined operators in Jif with p(A) n p(B) ^ 
(AB) { and having the following properties: V(A) C if densely, V(A*) C if : 
£>(5) C if and A, i? extend to continuous operators A,B E B(&, if*). 



Example 3.1 One can construct interesting classes of operators with the properties 
required in (AB) as follows. Let i& a , iS^ be Hilbert spaces such that if C 5f a C 3^ 
and if C ifb C ffl continuously and densely. Thus we have two scales 

^c^cif C^'C if*, 
if cif b c 3tf cif b *cif*. 

Then let A Q e B(if a ,if*) and B <= B(^6,# 6 *) such that A Q - z : if a -> if* and 
Bq — z : ifb — > Sf 6 * are bijective for some number z. According to Lemma lATI we can 
associate to Ao , Bo closed densely defined operators A = Ao , B = Bo in J^ 7 , such that 
the domains T>(A) and T>(A*) are dense subspaces of if a and the domains T>(B) and 
£>(£?*) are dense subspaces of if b . If we also have V(A) C densely, V(A*) C 5f 
and T)(B) C Sf, then all the conditions of the assumption (AB) are fulfilled with 
A = Ao\if and B = Bo\if ■ Such a construction will be used in Corollarv l3.4l 

The role of the assumption (AB) is to allow us to give a rigorous meaning to the 
formal relation, where z 6 p(A) n p(B), 

(A - z)- 1 -{B- z)- 1 = (A — z)-\B - A){B - z)~ l . (3.7) 

Recall that z e p(A) if and only if z £ p{A*) and then (A* - z)^ 1 = (A - z)^ 1 *. 
Thus we have (A — z)^ 1 * ffl C if by the assumption (AB) and this allows one to 
deduce that (A — z)^ 1 extends to a unique continuous operator if* — ► that we 
shall denote for the moment by R z . From R Z (A — z)u — u for u € T>(A) we get, by 
density of T>(A) in if and continuity, R z (A — z)u — u for u S if , in particular 

{B-z)- 1 = R Z {A- z){B- z)-\ 

On the other hand, the identity 

(A - z)- 1 = {A- z)- 1 (B - z)(B - z)- 1 =R Z (B- z)(B - z)- 1 

is trivial. Subtracting the last two relations we get 

{A - z)- 1 -{B- z)- 1 =R Z {B- A){B - z)- 1 
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Since R z is uniquely determined as extension of (A — z)^ 1 to a continuous map — ► 
Jtf, we shall keep the notation (A — z)^ 1 for it. With this convention, the rigorous 
version of fl3.7i that we shall use is: 

(A - z)- 1 -(B- z)- 1 = (A — z)-\B -A){B- z)~ l . (3.8) 

Theorem 3.2 Let A, B satisfy assumption (AB) and let us assume that there are a 
Banach module X and operators S G B(X and T G Bq(W , X) such that 
B — A = ST and (A — z)~ 1 S G B l q (J(f Jt) for some z G p(A) n p{B). Then the 
operator B is a compact perturbation of the operator A and a css (B) — a css (A). 

Proof: It suffices to show that R= (A - — (B — e B^Jf), because the 
domains of A and B are included in , hence Rffl C ^ ', which finishes the proof 
because of Proposition ^. 161 Now due to ( 13 .8i and to the factorization assumption, we 
can write R as a product R = [(A — z)~ 1 S][T(B — z)^ 1 } where the first factor is in 
B l q {X, M 1 ) and the second in B^Jif, Jt), so the product is in B},(Jf). ■ 

Remarks 3.3 (1) We could have stated the assumptions of Theorem 13.21 in an ap- 
parently more general form, namely B — A = 53fe=i SkTk with operators Sk € 
B{J^k,^*) and Tk G B(@,J(fk)- But we are reduced to the stated version of the 
assumption by considering the Hilbert module X — (B<%k an d S = ®Sk, T = ffiTfc. 
(2) If V G /C(Sf,Sf*) and if X is an infinite dimensional module, then there are op- 
erators S G B(JtT,&*) and T G X) such that V = ST (the proof is an easy 
exercise). This and the preceding remark show that compact contributions to B — A 
are trivially covered by the factorization assumption. 

If A is self-adjoint then the conditions on A in assumption (AB) are satisfied if 
T>(A) C 5f C Pd^l 1 / 2 ) densely (see the Appendix). Moreover, if A is semibounded, 
then this condition is also necessary. In particular, we have: 

Corollary 3.4 Let A, B be self-adjoint operators on J^f such that 

V(A) C C V(\A\^ 2 ) and V(B) C Sf C £>(|5| 1/2 ) densely. 

Let A, B be the unique extensions of A, B to operators in £8(f& Assume that 
there is a Hilbert module J?T and that B — A = S*T for some S G B(&, Jff) and 
T G B&(&, X) such that S{A - z)- 1 G B g r (^ X) for some z G p(A) n p{B). 
Then B is a compact perturbation of A and a ess (B) = a css (A). 

The next theorem is convenient for applications to differential operators in diver- 
gence form. Observe that if {$ , X) is a Friedrichs module then B{J(f) C B(S ', S 1 *) 
hence we can define 

B l m (£,£*) = norm closure of B&(Jf) in B{£,£*). (3.9) 

We shall use the terminology and the facts established in the Appendix, in particular 
Lemma lA. II the operators D*aD and D*bD considered below belong to B(W,W*) 
and we denote by A a and A& the operators on Jt? associated to them. 
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Theorem 3.5 Let (S , Jtff) be an arbitrary Friedrichs module and let D € B(&, (a), 
a, b G (f *) anc/ z G C smc/i that: 

(1) 77ze operators D*aD — z and D*bD — z are bijective maps & — > C S* , 

(2) a-beS,UV), 
^(A*-*)" 1 eB;(JT,Jf). 

r/zen Af, is a compact perturbation of A Q . 

Proof: We give a proof independent of Theorem 13.21 although we could apply this 
theorem. Clearly A a — z and A& — z extend to bijections £f — > C S* and the identity 

i? := (A, - z)- 1 - (A 6 - z)- 1 - (A Q - z)- x D*{b - a)D{A b - z)" 1 

holds in , £f ), hence in B( Since the domains of A a and Af, are included in 
5^, we have C Sf. Thus, according to Proposition ^. 161 it suffices to show that 

R G Bq(J4?). Since the space Bq(J%?) is norm closed and since by hypothesis we can 
approach b — a in norm in B(S , S 1 *) by operators in B\ ( ,J>(f ), it suffices to show that 

(D(A* a - z)- l )*cD{& b - z)- 1 e B l {M>) 

if c G Bl(Jt). But this is clear becau se cD (A b - z)' 1 G B^(Jf, J^) and (D(A* - 
z)- 1 )* G ) by Proposition|TT9l ■ 

The spaces Bqq^, $*) and Bqq{$ ^<§*) are defined in an obvious way and we 
have 

K{&,S*) c B Q0 {g,g*) (3.10) 

because IC(J^) is a dense subset of JC{S ', S*~) and /C(JtT) C So(=^). So we could 
assume a — b G /C(<^, but this case is trivial from the point of view of this paper. 
Although the space Sq (^, is much larger than lC((o, $*), it is not satisfactory 
in some applications, cf. Example l3.6l below and Remark l5~2l However, we can allow 
still more general perturbations and obtain more explicit results if we impose more 
structure on the modules. In Subsection l4.3l we describe such improvements for a class 
of Banach modules over abelian groups. 

Example 3.6 In the context of Example l2.12l we may consider the two classes of oper- 
ators Bq (J4? s , Jif~ s ) and Bq{,3^ s , J4?~ s ). The first space is included in the second 
one and the inclusion is strict, for example Bq (J^f s , J^f^ s ) does not contain operators 
of order 2s, while Sq(J^ s , J4?~ s ) contains such operators. 

The only condition of Theorem l3.5l which. in some concrete situations, is not easy 
to check is condition (3). We now give a perturbative method for checking it. 

For the rest of this section we fix two Friedrichs modules (W, and (S ', J?T) and 
a continuous operator D : W — > <§ . Let a G B(S ', <o*) such that the operator D*aD is 
coercive (see the Appendix), more precisely we have 

Re (Du.aDu) > fJ,\\u\\g - v\\u\\%> (3.11) 

for some strictly positive constants /i, v and all u G ^ Then, as explained in the Ap- 
pendix, if Re z < — v the operator D*aD — z is a bijective map — » < S* and 

W^aD-z)- 1 ^,^ <p,-\ (3.12) 
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Note that a* has all these properties too so the closed densely defined operators A a 
and A a . in Jif are well defined, their domains are dense subsets of 'S , and we have 
A* = A Q *. It is easy to check that ||(A a — < |Re z + j/| _1 if Re z + v < 0. 
Since a and a* play a symmetric role, it will suffice to consider A a — z in place of 
A* — z in condition (3) of Theorem l3.5l 

Now let c be a second operator with the same properties as a. We assume, without 
loss of generality, that it satisfies an estimate like 13.111 with the same constants /i, v. 

Proposition 3.7 Assume that 

D(A C - z)- 1 G B, p (jr, JT) and D{D*cD - z)- l D* G B g r (JT) 
/or some z wif/j Re z < — i/. Tfa — c G B^* (J£^) f/ien 

D(A a - z)- 1 G B^Jf , JT) and D(D*aD - z)- l D* G B^pT). 
A similar assertion holds for the spaces B l q . 

Proof: Let V = D*(a-c)D and L t = (l-t)D*cD+tD*aD = D*cD+tV. Forzas 
in the statement of the proposition we have Re (u, (L t — z)u) > fj,\\u\\% if < t < 1. 
Hence there is e > such that Re (u, (L t — z)u) > ^/2||u||« if — e < i < 1 + e, 
in particular \\(L t — 2) tys < 2/fx for all such t. If — e < s < 1 + e and 

\t — s\\\V(L t — z)^ 1 \\ B (cg, eg) < 1 we get a norm convergent expansion in B(£f *, £f ) 

(L t - z)- 1 = (L s -z-{s- t)V)- x = 5> - t) k {L s - z)- 1 [V{L a - z)- 1 ] fc 

so the map t i— ► (L t — z) _1 G B(5f*,£f) is real analytic on the interval ] — e, 1 + e[. 
Let us denote A t the operator inJrf? associated to L t then we see that the maps t i— > 
D(A t - z)" 1 G B(Jf , JT) and t D(i t - z)- 1 !)* G BpT) are real analytic 
on the same interval. The set of decay preserving operators is a closed subspace of 
the Banach space B(M' ', J(f) and an analytic function which on a nonempty open set 
takes values in a closed subspace remains in that subspace for ever. Thus it suffices to 
show that D(A t — z) _1 G B q (J^f, J£T) for small positive values of t. Similarly, we 
need to prove D(L t — z)~ 1 D* G B(,3tf) only for small t. To prove the first assertion 
for example, we take s = above and get a norm convergent series in B(,3^ ', J(f): 

D(L t - z)- 1 = J2{-t) k D(D*cD - z)- 1 [D*{a - c)D(D*cD - z)- 1 ]*. 

k>0 

It is clear that each term belongs to B q (J^f, Jt) . B 

4 Banach modules over abelian groups 
4.1 X -modules over locally compact abelian groups 

Since a locally compact abelian group X is a locally compact space, we can consider 
X-modules in the sense of Example 12.41 However, the group structure of X allows 
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us to associate to it more interesting classes of Banach modules that we shall also call 
JT-modules. Whenever necessary in order to avoid ambiguities we shall speak of X- 
module over the topological space X if we have in mind the context of Example l2.4l 
and of X-module over the group X when we refer to the structure introduced in the 
next Definition ^. II 

In this section we fix a locally compact non-compact abelian group X with the 
group operation denoted additively. For example, X could be R™, Z n , or a finite di- 
mensional vector space over a local field, e.g. over the field of p-adic numbers. Let X* 
be the abelian locally compact group dual to X. 

Definition 4.1 A Banach X-module over the group X is a Banach space Jtff equipped 
with a strongly continuous representation {Vk} of X* on Jtf. 

Note that we shall use the same notation Vk for the representations of X* in different 
spaces whenever this does not lead to ambiguities. 

Such a Banach X-module has a canonical structure of Banach module that we 
now define. We choose Haar measures dx and dk on X and X* normalized by 
the following condition: if the Fourier transform of a function ip on X is given by 
(F<p)(k) = <p(k) = J x k(x)(p(x)dx then tp(x) — J x , k(x)<p(k)dk. Recall that 
X** = X. Let CW(Jf) := FL\(X*) be the set of Fourier transforms of integrable 
functions with compact support on X* . It is easy to see that (X) is a ^-algebra for 
the usual algebraic operations; more precisely, it is a dense subalgebra of Cq(X) stable 
under conjugation. For tp £ C^ a \X) we set 

f(Q) = [ V k (p(k)dk. (4.13) 
Jx* 

This definition is determined by the formal requirement k(Q) = Vk- Then 

M := norm closure of {<p(Q) \ tp £ C {a) {X)} in (4.14) 

is a Banach subalgebra of B{Jf). By using the next lemma we see that the couple 
(J^f,A4) satisfies the conditions of Definition 12.21 which gives us the canonical Ba- 
nach module structure on Jif. 

Lemma 4.2 The algebra M. has an approximate unit consisting of elements of the 
form e a (Q) with e a E C (a) (X). 

Proof: Let us fix a compact neighborhood K of the identity in X*. The set of com- 
pact neighborhoods of the identity a such that a C K is ordered by a\ > a-i <=> 
a,\ C ol%. For each such a define e a by e Q = X Q /|a|, where \a\ is the Haar mea- 
sure of a. Then ||eQ,(Q)|| < sup fegif ||Vfe|| < oo, from which it is easy to infer that 
]im a \\e a (Q)<p(Q)-<p(Q)\\ = for all ^ G CW(X). ' ■ 

Exampie 4.3 Let X = R n with the additive group structure and let J4? be the Sobolev 
space J^ S (X) for some real number s. We identify as usual X* with X by setting 
k(x) — exp(z(x, k)), where (x, k) is the scalar product in X. Then we get a Banach 
X-module structure on J%? by setting (Vkii)(x) — exp(i{x, k))u(x), where (x, k) is 
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the scalar product. Note that V k J^ 8 C J^ s and ||V fc || < C{\ + \k\) s . It is easy to see 
that the Banach module structure associated to this X-module structure coincides with 
that defined in Example l2.10l 

Remark 4.4 Algebras A as in Lemma l2~3l can be easily constructed in this context. 
Indeed, if ui is a sub-multiplicative function on X*, i.e. a Borel map X* — > [l,oo[ 
satisfying w(k'k") < uo{k')uj{k") (hence w is locally bounded), let C (w) (X) be the set 
of functions ip whose Fourier transform (p satisfies 

\\<p\\cw ■= I \${k)\u{k)dk<™. (4.15) 

JX' 

Then {X) is a subalgebra of C (X) and is a Banach algebra for the norm (I4.15> . 
Moreover, C^(X) C C^\X) densely and the net {e a } defined in the proof of 
Lemma l4~2"l is an approximate unit of C^\X). If \Vk\\B{^') ^ cw(fc) for some num- 
ber c > then <p(Q) is well defined for each ip e C^\X) by the relation (14.131 and 

= <p(Q) is a continuous morphism with dense range of C^(X) into 
We could take ui(k) — sup(l, ||T4||s(^')) but if a second Banach X-module Jtf is 
given then it is more convenient to take u(k) = sup{l, || Vk\\i3(j^), ll^fells(J^)}- 

The adjoint of a reflexive Banach X-module has a natural structure of Banach X- 
module. Indeed, a weakly continuous representation is strongly continuous, so we 
can equip the adjoint space Jtff* with the Banach X-module structure defined by the 
representation k i— > {Vj,)* , where k = k^ 1 is the complex conjugate of k. 

The group X is, in particular, a locally compact topological space, hence the notion 
of Banach X-module in the sense of Example 12 . 41 makes sense. But this is in fact a 
particular case of that of Banach X-module in the sense of Definition l4.il Indeed, 
according to Remark l2~5l we get a strongly continuous representation of X* on J4? by 
setting Vfe = k(Q). In the case of Hilbert X-modules we have a more precise fact. 

Lemma 4.5 Let ffl be a Hilbert space. Then giving a Hilbert X-module structure 
on Jif is equivalent with giving on J4? a Banach X-module structure over the group 
X such that the representation {Vk}kex* unitary. The relation between the two 
structures is determined by the condition Vk = k(Q). 

Proof: If Jt? is a Hilbert X-module then we can define Vk = k(Q) G B(J4?) and 
check that {Vk}kex* is a strongly continuous unitary representation of X* on J4? 
with the help of Remark l2~6l Reciprocally, it is well known that such a representation 
allows one to equip Jt? with a Hilbert X-module structure. The main point is that the 
estimate ||y(Q)|| < sup \ip\ holds, see |Co). H 

Banach X-modules over the group X which are not Hilbert X-modules often ap- 
pear in the following context (cf. Examnle l4.3l in the case s > 0). 

Definition 4.6 A stable Friedrichs X-module over the group X is a Friedrichs X- 
module (w, Jff) satisfying VfcSf C *S for all k € X* and such that if u £ £f and if 
K C X* is compact then sup feeA - \\Vku\\cg < oo. 
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Here V k = k(Q). It is clear that V0 C implies V k g B(<£) and that the local 
boundedness condition implies that the map k i— > V k g is a weakly, hence 

strongly, continuous representation of X* on 5f (not unitary in general). The local 
boundedness condition is automatically satisfied if X* is second countable. 

Thus, (£f , J*? 7 ) is fl stable Friedrichs X -module, then £f is equipped with a 
canonical Banach X-module structure. Then, by taking adjoints, we get a natural 
Banach X-module structure on < S* too. Our definitions are such that after the identi- 
fications C S C ffl C C S* the restriction to ffl of the operator V% acting in C S* is just 
the initial Vk ■ Indeed, we have V k * =V k ~ 1 = V- k in M '. Thus there is no ambiguity in 
using the same notation V& for the representation of X* in the spaces , J£f and 5^*. 

Proposition 4.7 J?T is a Banach space then Bq(J^, c S) C B^Jtf, J$f), and if 
is a Banach module then B l q ( J^, £f ) C B l q ( J^). 

Proof: If 5 e B,j(Jf then 5 = y(<2)T for some <^ g C^pf) with = 
sup(l, || I4||g(^)) and some T g B(J(f (see Remark l4~4l . But clearly such a 
y>(<2) belongs to the multiplier algebra of and T g B(J(f , ffl). I 

4.2 Regular operators are decay preserving 

We show now that, in the case of Banach X-modules over groups, the decay preserving 
property is related to regularity in the sense of the next definition. 

Definition 4.8 Let and X be Banach X-modules. We say that a continuous ope- 
rator S : Jt? — ► Jc is of class C n (Q), and we write S G C n (Q; Jz, Jt), if the map 
k^V^SVk e B(JF,J{r) is norm continuous. 

Note that norm continuity at the origin implies norm continuity everywhere. The class 
of regular operators is stable under algebraic operations: 

Proposition 4.9 Let 5f , Jti?, J(f be Banach X-modules. 

(i) IfS eC u (Q;JF,Jtr) andT g C U (Q;& , J>t?) then ST g C U (Q;^,^). 

(ii) IfS g C U (Q; , X) is bijective, then S' 1 g C U (Q; Jf , JT). 

(Hi) IfS g C U (Q; JT, Jf ) and , are reflexive, then S* g C U (Q; JT*, *). 

Proof: We prove only (ii). If we set = V^ l SV k then V^S^Vfc = S^ 1 , hence 

IIV;- 1 ^- 1 ^ - S- x || = H^ 1 - ^ 1 1| - \\S^(S - S^S^W <C\\S- S k \\ 
if k is in a compact set, and this tends to zero as k — > 0. H 

Proposition 4.10 Tjf T g C U (Q; J^, J^) then T is decay preserving. 

Proof: We show that <p(Q)T g £ r (Jf , JT) if <p g C<»(X). A similar argument 
gives Tcp(Q) g B^Jf, X). Set T fe = V^TV" 1 , then 

V (Q)T= f fi(k)V k Tdk= f T k fi(k)V k dk. 

JX* JX' 
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Since k >~ > T k is norm continuous on the compact support of (p, for each e > we can 
construct, with the help of a partition of unity, functions 9{ E C C (X*) and operators 

Si G B{je, JfT), such that ||T ft - ^=1 G i {k)S l \\ < e if 7^ 0. Thus 

n p n „ 

\MQ)T-J2 Wk)SMk)Vkdk\\<sY, imiWVkh^dk. 

i=l Jx ' i=l Jx * 

Now, since Bq {J^f, Jff) is a norm closed subspace, it suffices to show that the operator 
fx* Si(k)Si<f(k)Vkdk belongs to Bq (Jif,J^) for each i. But if ipi is the inverse 
Fourier transform of 0$ then this is Siipi(Q) and ipi G (A). I 

Let Jif, Jfc be Hilbert A-modules over the group X. We say that an operator S G 
J^) is of finite range 3 if there is a compact neighborhood A of the origin such 
that for any compact sets H, K C A with (H-K)(~)A = we have X H {Q)SX K {Q) = 
0. From Remark l2~6l we get that this is equivalent to SXk{Q) = Xk+a(Q)SXk(Q) 
for any Borel set K. A finite range operator is clearly decay preserving. Moreover, the 
set of finite range operators is stable under sums and products, and the adjoint of such 
an operator is also of finite range. 

Proposition 4.11 If Jff ' , X are Hilbert X-modules over the group X, then each ope- 
rator of class C U {Q) is a norm limit of a sequence of finite range operators. 

Proof: We fix a Haar measure dk on X* and if S G B(Jff, X) and 9 G L X (X*) we 
define 

S e = [ V k *SV k 9{k)dk. (4.16) 
Jx* 

The integral is well defined because k 1— > V k *SVk <E B(J4f) is a bounded strongly 
continuous map. In order to explain the main idea of the proof we shall make a formal 
computation involving the spectral measure E(A) = Xa(Q), see Remark [2.61 and 
Lemma l4~5l (we shall use the same notation for the spectral measures in and Jf). 
We have for k £ X* and <p(Q) G B(X) 



<p(Q)V k * = <p(Q)k(Q)* = (<pk)(Q) = J <p(x)k(x)E(dx). 

Note also that for x,y G A we have k(x)k(y) = k(—x)k(y) = k(y — x). Let 
9(x) — J k{x)9(k)dk be the Fourier transform of 9. Then if tp, t/> G B(X): 

<p(Q)S e iP(Q) = f 9(k)dk f f <p(x)k(x)k(y)Tp(y)E(dx)SE(dy) 
Jx* Jx Jx 

= 11 9{x~y) V {x)^{y)E{dx)SE{dy). (4.17) 
Jx Jx 

This clearly implies the following: 

, v J If the support of 9 is a compact set A and if supp ip n (A + supp ip) = 
( *' { then <p(Q)S e ip(Q) = 0. 

3 If X is an euclidean space and Jrf? = = L 2 (X), the next condition means that there is r < 00 
such that the distribution kernel of S satisfies S(x, y) = for \x — y\ > r. 
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We shall note give a rigorous justification of ( I4.17> but we shall prove the preceding 
assertion, which suffices for our purposes. Observe that if (*) holds for a certain set 
of operators S then it also holds for the strongly closed linear subspace of B(J^f, Jtf) 
generated by it. So it suffices to prove (*) for S an operator of rank one Sf = v(u, f) 
with some fixed u £ Jt? and v £ J^. Now the computation giving ( 14.171 obviously 
makes sense in the weak topology and gives for / £ Jt? and g £ J^: 

{g,f{Q)S e ^{Q)f) = I f 6(x-yMx)iP(y)(g,E(dx)u)(u,E(dy)f), 
Jx Jx 

hence (*) holds for such S. 

Finally, note that if S £ C U (Q) then S is norm limit of operators of the form Sg- 
For this it suffices to take 9 = \K\~ x Xk where K runs over the set of open relatively 
compact neighbourhoods of the neutral element of X*, \K\ being the Haar measure of 
K. Then, by approximating conveniently 9 in L 1 norm, one shows that S is norm limit 
of operators Se such that 9 has compact support. B 

Proposition 4.12 Assume that X is a disjoint union X = U a eAX a of Borel sets X a 
such that: 1 ) there is a compact set K such that each X a is a translate of a subset of K, 
and2) for each compact neighborhood A of the origin, the number of sets X^+A which 
intersects a given X a is bounded by a constant independent of a. Then, if ^ ', Jtf are 
Hilbert X-modules over the group X, a finite range operator is of class C n (Q). 

Proof: Let S be a finite range operator and let A be such that Xh{Q)SXk(Q) = if 
H, K are compact sets with (H — K) n A = 0. Let X a be the characteristic function of 
X a and ip a that of Y a = X a + A. We can assume that A C X and that X a = a + K a 
for some K a C A. We shall abbreviate X a — X a (Q) and ip a — (p a (Q). We have 
J2 a X a = 1 strongly on J^f, cf. Remark l2~6l and [Vk, S]X a = <p a [Vk, S]X a because 
Vfc = k(Q). Thus there is a constant C, depending only on an upper bound for the 
number of Y& which intersects a fixed X a , such that for u £ with compact support: 

I|[^,SMI 2 < cJ2\\va{v k ,s]x a u\\ 2 

= Cj2ya[V k ~k(a),S]X a -X a u\\ 2 
< 2CL k Y,\\*au\\ 2 = 2CL k \\u\\ 2 

where L k = sup a ||(V fe - k{a))ip a \\. But 

H04 - fc(o))^ || < sup \k(y) - k(a)\ = sup \k(y - a) - 1| < sup \k(x) - 1| 

V&a V&a X£L 

where L = A + A is a compact set. Thus L k — > if k — > in X*. B 

If X is an abelian locally compact group then there is enough structure in order 
to develop a rich pseudo-differential calculus in L 2 (X) and Proposition 14. 101 shows 
that many pseudo-differential operators are decay preserving. We give a simple exam- 
ple below. If if and ip are Borel functions on X and X* respectively then, following 
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standard quantum mechanical conventions, we denote by (p(Q) the operator of multi- 
plication by <p in L 2 (X) and we set ip(P) = T~ X M^,T, where is the operator of 
multiplication by ip in L 2 (X*). 

Let C^(X) and C^(X*) be the algebras of bounded uniformly continuous func- 
tions on X and X* respectively. Below the space L 2 (X) is equipped with its natural 
Hilbert X-module structure. 

Proposition 4.13 The C* -algebra generated by the operators ip(Q) and ip(P), with 
if G C^(X) and tp G C^(X*), consists of decay preserving operators. 

Proof: By Proposition ^. 191 B q (L 2 (X)) is a C*-algebra, hence it suffices to show that 
each (p(Q) and ip(P) is decay preserving. For tp(Q) the assertion is trivial while for 
4>{P) we apply Proposition ^. 101 I 



4.3 Compact perturbations in modules over abelian groups 

In the present context it is possible to improve the results of Section|5] 

Lemma 4.14 Let , Jt?) and (S ', J^) be stable Friedrichs X-modules over the group 
X. Let D G B($ff,to) and a G B{S, <§*) be operators of class C n (Q) such that 
D*aD — z : £f —> Sf* is bijective for some complex number z and let A a the operator 
on J4? associated to D*aD. Then the operator D{A a — z)^ 1 G B(J4?, S) is decay 
preserving. 

Proof: The lemma is an easy consequence of Propositions 14.91 and 14.101 Indeed, 
due to Proposition 14. 101 it suffices to show that the operator D(A a — z)^ 1 is of 
class C U (Q; J^f, <§). We shall prove more, namely that D(D*aD — is of class 
C u (Q;Sf \ S ). Since D is of class C u (Q;£f, S), and due to (i) of Proposition l4~9l it 
suffices to show that (D*aD - is of class C U (Q; <S* , C S). But D*aD - z is of 
class C U (Q; 5f , &*) by (i) and (iii) of Proposition^] and is a bijective map £f — > 
so the result follows from (ii) of Proposition ^. 91 B 

Theorem 4.15 Let X be an abelian locally compact group and let (5f , Jif) be a com- 
pact stable Friedrichs X-module and {§ ', Jtf) a stable Friedrichs X-module. Assume 
that D G B(W, S) and a, b G B(S ', $*) are operators of class C' n (Q) such that the 
operators D*aD — z and D*bD — z are bijective maps — » C S* for some complex 
number z. If a — b G Bq((o, (o*) then Af, is a compact perturbation of A a . 

Proof: The proof is a repetition of that of Theorem l3.5l The only difference is that we 
write directly 

R={D{A* a -z)- 1 y{b-a)D{A b -z)- 1 

and observe that (b - a)D{A b - z)- 1 G B^(Jf, £*) and that (D(A * a - zT 1 )* as 
an operator $* — * 3? is decay preserving by (2) of Proposition ^. 1 91 and because the 
operator D(A* — z)~ x : Jtf? — * $ is decay preserving by Lemma l4.14l H 

We finish with a simple corollary of Theorem l3.2l which nevertheless covers inter- 
esting examples of differential operators of any order. 
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Theorem 4.16 Assume that Jt) is a compact stable Friedrichs X-module over 
the group X and that condition (AB) from nase \13\ is satisfied. Let us also assume that 
A - z — > ( S* is bijectivefor some z <E p(A) (1 p(B) and that A G C U (Q; 
If B — A e Bq(& ', *), then B is a compact perturbation of A. 

Proof: We apply TheoremEJIwith X = *, 5 the identity operator and T ' = B — A. 
Then (A - z) 1 is of class C U (Q; ) by (ii) of Proposition!^ hence (A- z)- 1 G 

B q (&*,&) by Proposition KTUl But this is stronger than (A - z)' 1 G ), 
as follows from Proposition ^. 71 H 



4.4 A class of hypoelliptic operators on abelian groups 

In this subsection we assume that X is non-discrete, so X* is non-compact. We also 
fix a finite dimensional complex Hilbert space E and take = L 2 (X; E) equipped 
with its natural Hilbert X-module structure. Note that, according to our conventions, 
the unitary representation of X* is given by the multiplication operators Vk — k(Q). 

Let w : X* — ► [1, oo[ be a continuous function satisfying w(k) — ► oo as k — ► oo 
and such that w(k'k) < uj(k')w(k) holds for some function a; and all fc', fc. We shall 
assume that oj is the smallest function satisfying the preceding estimate. It is clear then 
that oj is sub-multiplicative in the sense defined in Remark l4l4l (see IIHol Section 10.1] 
for this construction). 

Then w(P) is a self-adjoint operator on Jt? with w(P) > 1 (see page|22]for this 
notation). We denote J4? w = T>(w(P)) and equip it with the Banach X-module struc- 
ture given by the norm \\u\\ w = \\w(P)u\\ and the representation Vfe| J4? w , Obviously, 
this space is a generalization of the usual notion of Sobolev spaces. 

Lemma 4.17 (J^ w , Jt?) is a compact stable Friedrichs X-module. 

Proof: If (p G Co(X) then (p(Q)w(P)^ 1 is a compact operator because w^ 1 belongs 
to C (X), hence tp(Q) G JC(M ?w ,.^f). Then observe that V r fc -1 io(P)V r fc = w(fcP) 
and w(kP) < ui(k)w(P). Thus T4 leaves stable J4? w and we have the estimate 
\\Vk\\ B (^) < uj(k). ■ 

We call uniformly hypoelliptic an operator A on such that there are w as above 
and an operator A G ^ JT 1 "*) such that A - z : Jf 1 " -> ,^ w * is bijective 

for some complex z and such that A is the operator induced by A in J£f (see the 
Appendix). For example, the constant coefficients case with E = C corresponds to the 
choice A = h(P) with ft:I*^Ca Borel function such that c'w 2 < l + \h\ < c"w 2 
and such that the range of h is not dense in C. We shall justify our terminology in the 
remark at the end of this subsection. 

Theorem l4.16l is quite well adapted to show the stability of the essential spectrum 
of such operators under perturbations which are small at infinity. We stress that the 
differential operators covered by these results can be of any order and that in the usual 
case when the coefficients are complex measurable functions a condition of the type 
A G C U (Q; Jif w , J^ w *) is very general, if not automatically satisfied (see the remark 
at the end of this subsection). Hence the only condition really relevant in this context 
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is B - A e Bq(J^ w , M* w *) and the main point is that it allows perturbations of the 
higher order coefficients even in the non-smooth case. 

It is clear that these results can be used to establish the stability of the essential 
spectrum of pseudo-differential operators on finite dimensional vector spaces over local 
fields (see [Sa Ta |) under perturbations of the same order. 

We shall give an application of physical interest to Dirac operators. Let X = W 1 
and let ao = P, &i, ■ ■ ■ , in be symmetric operators on E such that a>ja>k+ak(Xj = Sjk- 
Then the free Dirac operator is D — Y^k=\ a kPk + m/3 for some real number rn. The 
natural compact stable Friedrichs X-module in this context is (J4? 1 / 2 , J^f). Note that 
we use the same notation J4? s for Sobolev spaces of _E-valued functions. 

Proposition 4.18 Let V, W be measurable functions on X with values symmetric oper- 
ators on E and such that the operators of multiplication by V and W define continuous 
maps 34? 1 / 2 -> - 1 / 2 and V - W e Bq^ 1 / 2 , Jf- 1 / 2 ). Assume that D + V + i 
and D + W + i are bijective maps Jt? 1 / 2 -> Jf" 1 / 2 . Then D + V and D + W 
induce self-adjoint operators A and B in Jtff, B is a compact perturbation of A, and 
cr css (B) = a ess (A). 

This follows immediately from Theorem l4.16l We stress that the main new feature 
of this result is that the "unperturbed" operator A is locally as singular as the "per- 
turbed" one B. The assumptions imposed on V, W are quite general, compare with 

fX7irwi [Tai rNTi[N2i . 

Remark: In order to clarify the relation between the notion of uniform hypoellip- 
ticity introduced above and the original notion of hypoellipticity due to Hormander, 
we shall consider the case of differential operators on 1" (which is identified with 
its dual group in the standard way). Assume first that h is a polynomial on W 1 and 
that A = h(P). Then the function defined by w(k) 4 = J2 a \h {a) {k)\ 2 satisfies 
w(k' + k) < (1 + c\k'\) m ' 2 w(k), where c is a number and m is the order of h, see 
|Ho Example 10.1.3]. Now the "form domain" of the operator h(P) in L 2 (M™) is the 
space £f = I?(|/i(P)| 1 / 2 ) and this domain is stable under Vk = cxpi(fc, Q) if and only 
the function w satisfies w 2 < c(l + \h\), see Lemma 7.6.7 in |ABG|. On the other 
hand, Definition 11.1.2 and Theorem 11.1.3 from | Ho | show that A is hypoelliptic if 
and only if (k) / h(k) — > when k — > oo, for all a ^ 0. So in this case we have 
c'w 2 < 1 + \h\ < c"w 2 and the operator h(P) is uniformly hypoelliptic in our sense 
if /i(M n ) is not dense in C. If n — 2 then h(k) = kf + k\ is a simple example of poly- 
nomial which satisfies all these conditions but is not elliptic. See IGMI Subsections 
2.7-2.10] for the case of matrix valued functions h. 

In the variable coefficient case the notion of hypoellipticity defined in | Ho Defini- 
tion 13.4.3] is a local one and one may consider different global versions. For instance, 
| Ho, Theorem 13.4.4] suggests that the notion we introduced above is natural for op- 
erators of uniform constant strength. But the uniform constant strength condition is 
not satisfied by the operators with polynomial coefficients, for example, hence such 
operators are not uniformly hypoelliptic in our sense in general. 
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5 Operators in divergence form on Euclidean spaces 



The results of this section are corollaries of Theorem l4.15l We shall take X — W 1 , we 
fix a finite dimensional Hilbert space E, and choose = L 2 (X; E) with the obvious 
Hilbert X-module structure. If s £ R then Jif s is the usual Sobolev space of E valued 
functions. Then for each s > the couple (J^ s , Jrf?) is a compact stable Friedrichs 
X-module, cf. ExamDles l2~T0ll2~T2l andl43l 

Let us describe the objects which appear in Theorem 14. 151 in the present context. 
We fix an integer m > 1 and take & — Jf m . Let = ®\ a \ <m ^a, where 
= J^f, with the natural direct sum Hilbert X-module structure. Here a are multi- 
indices a £ N™ and |a| = a-y H h a n . Then we define 

g = J^m-\ a \ = { ( UQ ) |Q| < m eJ^\u a £ J{?™-\<*\} 
a|<m 

equipped with the Hilbert direct sum structure. It is obvious that (g, J(f) is a stable 
Friedrichs X -module (but not compact). 

We set Pk — —idk, where dk is the derivative with respect to the fc-th variable, and 
P a = Pf 1 ... P^- if a e N n . Then for u £ <S let Du = {P a u)\ a \< m £ X. Since 

\\Duf= \\P a u\\ 2 = \\u\\^ m 

a|<m 

we see that D : £f — > is a linear isometry. Moreover, we have defined g such as to 
have D<£ C i, hence D £ B(W, g). We have D £ C u {Q;W,g) because 

V^DV k = (V^P a V k ) ]al < m = {{P + k) a )\ a \< m 

and this a polynomial in k with coefficients in , 

We shall identify ^* = and JT* = JT, which implies <g* = J>t?~ m and 

The operator D* £ B{$* acts as follows: 

\a\<m 

because u a £ N"" 1 . 

By taking into account the given expressions for g and g* we see that we can 
identify an operator a £ B(g,g*) with a matrix of operators a = (aa/3)\a\,\/3\<m> 
where a a0 £ B(Jif m ~^, .3? \ a \- m ) and 

a(up)\0\< m = ( 51 a «' 3U / 5 )|a|<m- 
/3|<m 

Then we clearly have 

D*aD = P a a a pP' 3 - (5.18) 

I a | ■ |/^| < m 
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which is a general version of a differential operator in divergence form. We must, 
however, emphasize that our a a p are not necessarily (B(E) valued) functions, they 
could be pseudo-differential or more general operators. 

In view of the statement of the next theorem, we note that, since the Sobolev spaces 
are Banach X-modules over the group X, the class of regularity C U (Q; J4? s , Ji?*) 
is well defined for all real s,t. A bounded operator S : J$? s — > Jtf* belongs to 
this class if and only if the map k >— > V-kSVk G B(J^ S ,J^f t ) is norm continuous. 
In particular, this condition is trivially satisfied if S is the operator of multiplication 
by a function, because then VJt commutes with S. Since the coefficients a a p of the 
differential expression d5 .181 are usually assumed to be functions, this is a quite weak 
restriction in the setting of the next theorem. The condition S G B ( \(Jif s , Jtf?*) is also 
well defined and it is easily seen that it is equivalent to 

lim \\6{Q/r)S\\^^ t = (5.19) 

r — >oc 

where 6 is a C°° function on X equal to zero on a neighborhood of the origin and 
equal to one on a neighborhood of infinity. Now we can state the following immediate 
consequence of Theorem l4.15l 

Proposition 5.1 Let a a p and b a p be operators of class C u (J^ m_ '^' , Jf?\ a \~ m ) and 
such that the operators D*aD — z and D*bD — z are bijective maps Jtf' 711 — > JrfC - ™ 1 
for some complex z. Let A Q and A/, be the operators in J^ 7 associated to D*aD and 
D*bD respectively. Assume that 

lim \\0(Q/r)(a a g-b a a)\\ji!>m-\f>\->jif>\c.\-m. =0 (5.20) 

r — >oc 

for each a, (3, where 9 is a function as above. Then A 5 is a compact perturbation of 
A a and the operators A a and A;, have the same essential spectrum. 

Example: In the simplest case the coefficients a a p and b a p of the principal parts (i.e. 
M = \P\ — m ) are functions. Then the conditions become: a a p and b a p belong to 
L°°(X) and \a a p(x) — b a p{x)\ — > as \x\ — * oo. Of course, the assumptions on the 
lowest order coefficients are much more general. 

Example: We show here that "highly oscillating potentials" do not modify the essential 
spectrum. If m — 1 then the terms of order one of D*aD are of the form S — 
ELi( p fc< + v k p k\ where v' k G B(J4? l ,Jl?) and v' k ' G B(Jf , Jf- 1 ). Choose 
Vk G B(J% ?1 , J4?) symmetric in and let v' k = ivk, v' k ' = —ivk- Then S — [iP, v] = 
divv, with natural notations, can also be thought as a term of order zero. Now assume 
that Vk are bounded Borel functions and consider a similar term T = [iP, w] for D*bD. 
Then the condition \vk(x) — Wk(x)\ — > as \x\ — > oo suffices to ensure the stability of 
the essential spectrum. However, the difference S — T could be a function which does 
not tend to zero at infinity in a simple sense, being only "highly oscillating". An explicit 
example in the case n = 1 is the following: a perturbation of the form exp(x)(l + 
cos(exp(x)) is allowed because it is the derivative of (1 + | cc | ) 1 sin(exp(ir)) 
plus a function which tends to zero at infinity. 

In order to apply Proposition 15. II we need that D*aD - z : J4? m — > Jf~ m be 
bijective for some z G C, and similarly for b. A standard way of checking this is to 
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require the following coercivity condition: 



( there are /i, v > such that for all u € ffl™ 1 : 

( } I EH,| /9 |< Tn RB(^ 0, «.^ /, «>>A»|l«ll^m-"ll«ll^ 

Example: One often imposes a stronger ellipticity condition that we describe be- 
low. Observe that the coefficients of the highest order part of D*aD defined by 
= J2\ a \=\f3\=m P°' a apP 13 are operators a a p G B(Jtf). Then ellipticity means: 



(Ell) 



there is /i > such that if u a G for |a| = m then 

E|a| = |/3|=m Re (u a ,a a p Ul3 ) >ME|a|=m IM!^' 



But we emphasize that, our conditions on the lower order terms being quite general, 
e.g. the a a p could be differential operators, so the terms of formally lower order could 
be of order 2m in fact, we have to supplement the ellipticity condition (Ell) with a 
condition saying that the rest of the terms Ai = ^2\ a \+\i3\<2m P a<1 ai3P 13 is small with 
respect to Aq. F° r example, we may require the existence of some S < [i and 7 > 
such that 

I J2 ^(P a u,a a0 pf } u)\<5\\u\\% fm +-y\\u\\% f . (5.21) 

H + |/3|<2m 

This is satisfied if AiJ4? m C J4?~ m+e for some 9 > 0, because for each e > there 
is c(e) < 00 such that \\u\\^ m -e < e\\u\\j^ m + c(e)||u|| i ^. 



Remark 5.2 If we use Theorem l3.5l in the context of this section then we get the same 
conditions on the coefficients a a p — b a /3 of the principal part (i.e. such that |a| = |/3| = 
m) of the operator a — b but those on the lower order coefficients are less general. 
Indeed, if s + t > the space BQ () (Jif s ,J^f~ t ) defined as the closure of Bq(J4?) 
in B(J4? S , J^f~ l ) does not contain operators of order s + t, while Bq(J4? s , J^f -1 ) 
contains such operators. 



6 Weak decay preserving operators 

The purpose of the next two sections is to reconsider the examples treated in Section 
13 and to prove some stability results for perturbations which decay in a generalized 
sense, as described in Examples l2 . 7H2 . 91 This will be done in the next section, this one 
contains some preparatory material concerning weak decay preserving operators. 

We first consider the setting of Example l2.9l (X, /1) is a positive measure such that 
fj,(X) = 00, is the filter of sets of co-finite measure 4 , and B^(X) is the algebra 
of bounded measurable .^-vanishing functions. We recall that any direct integral of 
Hilbert spaces over X has a canonical Hilbert module structure with B^(X) as multi- 
plier algebra. To avoid ambiguities, we shall speak of -decay preserving operators 

4 Note that if X is a locally compact space and fj, a Radon measure then is finer than the Frechet filter. 
Moreover, if X is an abelian locally compact non-compact group then is strictly included in the filter 
T„ which will be defined below. 
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when we refer to this algebra. Let {Jif(x)} x( zx and {J^(x)} x ^x be measurable 
families of Hilbert spaces with dimensions < N for some finite N. We shall use the 
notations introduced before Corollary 19. 21 

Theorem 6.1 Let S G B(Jf, X) n B(Jf p , J€ v )for some p^2. Ifp <2 then S is 
left J-^-decay preserving and if p > 2 then S is right T^-decay preserving 

Proof: We shall consider only the case p < 2, the assertion for p > 2 follows by 
observing that S* G B(Jt, Jt?) H B(Jf p , , Mp>) and then using Proposition I2T91 We 
prove that for each measurable set N of finite measure the operator T — SXjy(Q) has 
the property: if e > then there is a Borel set F G J-V, such that (Q)T|| < £ 
(then Proposition ^. 18l implies that S is left JF^-decay preserving). Since N is of finite 
measure, Xn(Q) is a bounded operator J^ 5 — > J4? p , hence T G B(Jf?, Jtp). The rest 
of the proof is a straightforward application of Corollary 19.21 Let a > real and let 
F be the set of points x such that \g(x)\ < a. Since g £ L q with q < oo, we have 
F G ^ and 

IIMQ)T|| B(jr)jr) = II^F(Q)ff(Q)i?|| B( ^,jr) < aPII^JT)- 

Thus it suffices to choose a such that a||-R||s(^' > j^) = £■ ^ 

Let X be a locally compact non-compact topological space and let Jrf? be a Hilbert 
X-module. Then, due to Remark l2~6l the operator (f(Q) 6 B(J4?) is well defined for 
all (p G B(X). If T is a filter finer than the Frechet filter on X then 

Bjr(X) := {ip G | lim^ = 0} (6.22) 

is a C* -algebra and we can consider on Jif the Hilbert module structure defined by 
the multiplier algebra M.? := {<p(Q) \ ip G Bj?(X)}. We are interested in the 
corresponding classes of decay improving or decay preserving operators. To be precise, 
we shall speak in this context of (left or right) T '-vanishing at infinity or of (left or right) 
T-decay preserving operators. Below and later on we use the notation N c — X \ N. 

Lemma 6.2 Let \ X be Hilbert X-modules. Then an operator S € B{J^C, Jff) is 
left T-decay preserving if and only if for each Borel set N with N c G T and for each 
e > there is a Borel set F £ T such that \\Xf(Q)SX^(Q)\\ < e. 

Proof: We note first that the family of operators Xjv(Q), where N runs over the family 
of Borel sets with complement in T , is an approximate unit for Bjr(X). Indeed, if 
e > and cp E Bj^(X) then the set N = {x | |y(x)| > e} is Borel, its complement is 
in T, and sup^. |y>(x)(l — Xn(x))\ < e. Thus, according to Proposition l2.18l S is left 
jF-decay preserving if and only if SX^iQ) is left JF-vanishing at infinity for each N. 
Now the result follows from ( 12. 6> . H 

The main restriction we have to impose on T comes from the fact that the Friedrichs 
couple which is involved in our abstract compactness criteria must be such 

that <p(Q) G /C(£f , if (p G Bp(X). Sometimes this can be stated quite explicitly: 
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Lemma 6.3 Let X be an Euclidean space, Jrf? = L 2 (X), and let £f = be a 
Sobolev space of order s > 0. If (p £ B{X) then ip(Q) £ K(fa , Jz) if and only if 



lim 



\(p(x)\dx = 



(6.23) 



a 



oo 



x— a|<l 



The importance of such a condition in questions of stability of the essential spectrum 
has been noticed in i flellLVIIOSIIWel . That it is a natural condition follows also from 
the characterizations that we shall give below in a more general context. 

Let X be a locally compact non-compact abelian group. We shall say that a function 

ip £ B(X) is weakly vanishing (at infinity) if 



We shall denote by B W (X) the set of functions cp satisfying < !6.24i . This is clearly a 
C*-algebra. Note that it suffices that the convergence condition in d6 . 24i be satisfied 
for only one compact set K with non-empty interior. 

Let us now express the condition J6.24i in terms of convergence to zero along a 
filter. We denote \K\ the exterior (Haar) measure of a set K C X and we set K a — 
a + K if a G X. A subset N is called w-small (at infinity) if there is a compact 
neighborhood K of the origin such that lim^oo \N n K a \ — 0. The complement of 
a w-small set will be called w-large (at infinity). The family T w of all w-large sets is 
clearly a filter on X finer than the Frechet filter. 

We give now a characterization of weakly vanishing functions in terms of compact- 
ness properties. This characterization implies that of Lemma l6.3l if X = M™. Observe 
that a Borel set is w-small if and only if its characteristic function weakly vanishes at 
infinity. Denote f * g the convolution of two functions on X. 

Lemma 6.4 For a function ip £ B(X) the following conditions are equivalent: (1) 
<p is weakly vanishing; (2) 9 * \<p\ £ Cq{X) if 9 £ C C (X); (3) limjr w <p = 0; (4) 
ip(Q)ip[P) is a compact operator on L? ''(X) for all ip £ Cq{X). 

Proof: The equivalence of (1) and (2) is clear because J„ \ip\dx — (Xk * lvl)( a )- 
Then (3) means that for each e > the Borel set N where |<p(x)| > e is w-small. 
Since Xn < ip/e, the implication (2) =4> (3) is clear, while the reciprocal implication 
follows from Xk * \<p\ < sup \p\Xx * Xn + e\K\. If (4) holds, let us choose ip such 
that its Fourier transform ip be a positive function in C C (X) and let / £ C C (X) be 
positive and not zero. Since ip(P)f is essentially the convolution of ip with /, there 
is a compact set K with non-empty interior such that ip(P)f > cXk with a number 
c > 0. Let U a be the unitary operator of translation by a in L 2 (X), then U a f — > 
weakly when a -> oo, hence \\<p(Q)U a ip{P)f\\ = \\ip(Q)ip(P)U a f\\ -> 0. Since 
U*tp(Q)U a = cp(Q - a) we get \\ip(Q - a)X K \\ -> 0, hence (1) holds. 

Finally, let us prove that (1) => (4). It suffices to prove that p(Q)ip(P) is compact 
if ip £ C' C (X) and for this it suffices that ip(P)\(p\ 2 (Q)ip(P) be compact. Since £ := 
\tp\ 2 £ B W (X) and since ip(P) is the operatorof convolution by a function 9 £ C C (X), 
we are reduced to proving that the integral operator S with kernel S(x, y) — J 9(z — 




a+K 



\<p(x)\dx = for each compact set K. 



(6.24) 
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x)£(z)9(z — y)dz is compact. If K = supp 9 and A is the compact set K — K, then 
clearly there is a number C such that 

\S(x, y)\<C [ £(z)dzX A (x -y) = cj>(x)X A {x - y) 

where <fi £ Go(X). The last term here is a kernel which defines a compact operator T. 
Thus r](Q)S is a Hilbert-Schmidt operator for each 77 £ C C (A) and from the preceding 
estimate we get IKS' - r)(Q)S)u\\ < ||(1 - r)(Q))T\u\\\ for each u G L 2 (X). Thus 
US' — r/(<5)S|| < ||(1 — f](Q))T\\ and the right hand side tends to zero if 77 = r\ a is an 
approximate unit for Co (X ) . H 

We shall consider now a general class of filters defined in terms of the metric and 
measure space structure. We consider only the case of an Euclidean space X, the 
extension to the case of locally compact groups or metric spaces being obvious. We set 

B a {r) = {x G X I \x - a\ < r}, B a = B a (l) and B(r) = B (r). To each function 
v : X — >]0, oo[ such that liminfa^oo v[a) = we associate a set of subsets of X as 
follows: 

JY U = {N C X I limsu P iy(a)- 1 |iVn J B a | < 00}. (6.25) 

a — >oo 

Clearly ^ = {F c X | f e X} is a filter on X finer than the Frechet filter. 

Theorem 6.5 Let X = M™ and let v : X —*•](), 00 [ such that liminfa^oo v(a) = 
and sup| b _ a | <r v{b)/v{a) < 00 for each real r. If S € B{L 2 (X)) is of class C U (Q) 
and if S € B(L P (X)) for some p < 2, f/zen S w /e/f ^ v -decay preserving. 

Proof: We can approximate in norm in B(L 2 (X)) the operator S by operators which 
are in B(L 2 (X)) D i3(L p (X)) and have finite range. Indeed, the approximation pro- 
cedure (I4.16> used in the proof of Proposition ^. 1 H is such that it leaves B(L 2 (X)) D 
B(L P (X)) invariant (because Vk are isometries in L p too). Since the set of left & v - 
decay preserving operators is norm closed in B(L 2 (X)), we may assume in the rest of 
the proof that S is of finite range. According to Lemma l6~2l it suffices to show that, 
for a given Borel set N 6 jV v and for any number e > 0, there is a Borel set M € ^4C 
such that \\Xmc(Q)SX n (Q)\\ < e. 

In the rest of the proof we shall freely use the notations introduced in Section [9] 
(see also the proof of Proposition 14. lit . In particular, q is defined by i = -| + -. If 
/ e L 2 (X) we have 

\\X N f\\ L P{K a ) < \\XN\\L*{K a )\\f\\L*{K a ) < iNnKal^WfW^^. 

Since N £ jV v we can find a constant c such that | TV n K a \ < cv(a) (note that the 
definition J6.25I does not involve the restriction of v to bounded sets). Thus, if we take 
A a = v{a)~ 1 / q for a e Z = Z™, we get X N f G with the notations of Section 
|9] In other terms, we see that we have X N (Q) G B{L 2 (X), Jz? ). Let T = SX N (Q) 
and let us assume that we also have S G B(J£). Then T G B(L 2 (X),J^) and we 
can apply the Maurey type factorization theorem Theorem l9.7l where Jif — L 2 (X). 
Thus we can write T — g(Q)R for some R G B(L 2 (X)) and some function g G 
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which means that G := sup aeZ v{a) 1 ' ? ||<7||.r,«(ji' ) is a finite number. If t > and 
M = {x | g(x) > t} then we get for all a 6 Z: 

\MHK a \ = \\X M \\l 9{Ka) < \\g/t\\ q Lq{Ka) < {G/tfv{a). 

Note that the second condition imposed on v in Theorem l6.5l can be stated as fol- 
lows: there is an increasing strictly positive function 5 on [0,oo[ such that v{b) < 
S(\b — a\)v(a) for all a, b. Indeed, we may take S(r) = sup| fc _ Q | <r v(b)/v(a). Now 
let a € X and let D(a) be the set of b E Z such that K b intersects B a . Clearly D{a) 
contains at most 2™ points b all of them satisfying \b — a\ < \pn + 1. Hence: 

\MDK a \< \Mf]K b \<2 n sup {G/t) q v(b) < 2 n (G/t) q S(V^ + l)^(a), 

bED(a) beD W 

which proves that M belongs to jY v . On the other hand, we have: 

\\X M ,(Q)T\\ - \\X M o(Q)g(Q)R\\ < \\X M ,g\\ L ^\\R\\ < t\\R\\. 

To finish the proof of the theorem it suffices to take t = e/\\R\\. 

We still have to prove that S € B(Jz?). Since S is of finite range, there is a number 
r such that X a (Q)X b (Q) = if \a - b\ >r. Then for any / G «£?: 

E^II^/Hi^E^H J2 x aSX b f\\ 2 LP < C E >>l\\X«SX b f\\ 2 LP 

a a b — a\<r \b— a\<r 

where C is a number depending only on r and n. Since S is bounded in LP the last term 
is less than CC J2\b-a\<r ^all^ft/llip f° r some constant C". Finally, from v{b) < 
S(\b — a\)v(a) < 8{r)v(a) we get 

EM K«r 2/9 < L{r)5{rf/ q \l 

\a— b\<r \a—b\<r 

where L(r) is the maximum number of points from Z inside a ball of radius r. Thus 
we have \\S\\% < CC'L(r)6{r) 2 /i. ■ 



Theorem 6.6 Let X = M™ and let S be a pseudo-differential operator of class S°. 
Then S is T^-decay preserving in L 2 (X), i.e. if tp G B W (X) then ip(Q)S — Tiipi(Q) 
and Sip (Q) = ip2{Q)T2 for some V'ljV'a € B vr (X) andTi,T 2 € B(L 2 (X)). 

Proof: Since the adjoint of S is also a pseudo-differential operator of class S°, it 
suffices to show that S is left JF w -decay preserving. We have S € B(L P (X)) for all 
1 < p < oo and S is of class C U (Q) because the commutators [Qj, S] are bounded 
operators for all 1 < j < n. Thus we can apply Theorem l6.5l and deduce that for any 
function v as in the statement of the theorem, for any e > 0, and for any N £ jV v there 
is M e JV V such that \\X M c{Q)SX N (Q)\\ < e. Now let N be a Borel w-small set, i.e. 
such that \N D B a \ — * if a — > cxd. We shall prove that there is a function v with the 
properties required in Theorem l6.5l and with lima^oo v(a) = such that N S ^/f^. 
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This finishes the proof of the corollary because the relation M £ jV v implies now that 
M is w-small. 

We construct v as follows. The relation 6(r) = sup| a | >r | NDB a | defines a positive 
decreasing function on [0, oo[ which tends to zero at infinity and such that \N D B a \ < 
6(\a\) for all a £ X. We set £(*) = 0(0) if < t < 1 and for k > integer and 
2 k < t < 2 k+1 we define f (i) = max{f (2* _1 )/2, 9(2 k )}. So $ is a strictly positive 
decreasing function on [0, oo[ which tends to zero at infinity and such that 8 < £. 
Moreover, if 2 fe < s < 2 k+1 and 2 fc+ ^ < t < 2 k+ P +1 then 

f(t) = £(2 k+p ) > S,{2 k+p - 1 )/2 >...> 2- p i(2 k ) = 2- p £{s) 

hence £(s) > > 5j£(s) if 1 < s < t. We take v(a) = £(|a|), so i/ is a bounded 
strictly positive function on X with lim^oo v(a) = and \N n S„| < i/(o) for all a. 
If a, 6 are points with |o|, |6| > 1 and \a — b\ < r then v(b)/v(d) < 1 if \a\ < \b\ and 
if |o| > \b\ then 

^) _mi <2H <2(1+r) 

Ka) {(H)- \b\ ^^ 1 + r >- 
Thus the second condition imposed on v in Theorem l6.5l is also satisfied. H 



As a final example, we introduce now classes of vanishing at infinity functions of a 
more topological nature. Let us fix a uniformly discrete set L C X, i.e. a set such that 
inf \a — b\ > where the infimum is taken over couples of distinct points a,b £ L. 
Let L £ = L + B(e) be the set of points at distance < e from L. We say that a subset 
N C X is L-thin if for each e > there is r < oo such that TV \ B{r) c £ e . In other 
terms, ./V is L-thin if there is a family {S a } ae L of positive real numbers with 5 a — > as 
a — > oo such that C (J B a (S a ). The complement of such a set will be called L-fat. 
We denote Tl the family of L-fat sets, we note that Tl is a filter on X contained in 
T w and finer than the Frechet filter, and we denote Bl(X) the set of bounded Borel 
functions such that limjc^ <p = 0. So <p £ B(X) belongs to Bl(X) if and only if the 
set {\<p\ > A} is L-thin for each A > 0. 

Proposition 6.7 Let X — W 1 and let S be a bounded operator on L 2 (X) such that on 
the region x ^ y its distribution kernel is a function satisfying the estimate \S(x, y)\ < 
c\x — y\~ m for some m > n. Then S is J-L-decay preserving. 

Proof: Let 9 £ Cb(X) such that 0(x) = on a neighborhood of the origin and 
Sg(x, y) — 9(x — y)S(x, y). If = 6(x)\x\~ m then for the operator Se of kernel 
S$(x, y) we have ||Sgit|| < c||^* |u||| hence \\Sg\\ < c||^||li By choosing a convenient 
sequence of functions 6 we see that S is the norm limit of a sequence of operators which 
besides the properties from the statement of the proposition are such that S(x, y) = 
if | a; — y\ > R(S). Since the set of Tl -decay preserving operators is closed in norm 
(see Subsection l2.3t . we may assume in the rest of the proof that the kernel of S has 
this property. In fact, in order to simplify the notations and without loss of generality, 
we shall assume S(x, y) = if \x — y\ > 1. 

Let N be an L-thin Borel set and let e > 0. We shall construct an L-fat Borel set 
with F c N c such that \\X N (Q)SX F (Q)\\ < e. Since the adjoint operator S* has the 
same properties as S, this suffices to prove that it is decay preserving. 
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We shall only need two simple estimates. First, if p x (G) is the distance from a 
Borel set G to a point x, then 

^L_.<C(m,n)p x (GT- 2m . (6.26) 



Then, if Bq , B are two balls with the same center and radiuses 5 and 6 + e, then 

/ Px (B c ) n - 2m dx < C{m,n)e n ~ 2rn S n . (6.27) 

We shall choose e = $ n / 2m . Then Xs {Q)SX B c (Q) is an operator with integral kernel 
and we can estimate its Hilbert-Schmidt norm as follows: 

\\X Bo (Q)SX B c(Q)\\ 2 HS = [ X Bo (x)\S(x,y)\ 2 X B o(y)dxdy 

JXxX 

< c[ dxf dy , 2m <c[ Px (BT- 2m dx 

< C'e n - 2m 5 n = C'5 X (6.28) 

where A = n 2 /2m > 0. 

We can assume that N = [J a B a (S a ), where the sequence of numbers 5 a satisfies 
S a — > as a — * oo. Denote A^ a = B a (S a ) and M a = B a (S a + s a ), where we 
choose e a — <5™^ 2m as above. Choose r such that the balls N a are pairwise disjoint 
and S a + e a < 1 if \a\ > r and let R such that X Na (Q)SX B ( R y(Q) = if |a| < r. 
Let M = {J M a and F = M c \ B(R), so that F is a closed L-fat set. Then for any 
u e L 2 (X) we have: 



\X N (Q)SX F (Q)u\\ 2 = J2 \\Xn.(Q)SX f (Q) 



Mil 2 . 



Since S is of range 1 we have X Na (Q)SX Ba ( 2 y (Q) = if 6 a < 1. Thus 

||Xjv(Q)SX f (QH| 2 < 51 ll^(Q)^Fns a (2)(Q)|| 2 ||X Ba(2) (Q) 

|a|>r 



Mil 2 



The number of b e L such that Sfc(2) meets B a (2) is a bounded function of a, hence 
there is a constant C depending only on L such that 

\\X N (Q)SX F {Q)u\\ < C sup ||X,v a (Q)SX FnBa(2) (Q)|| IMI- 

|o|>r 

We have F C M c C hence 

\\X Na (Q)SX FnBa(2) (Q)\\ < \\XN a (Q)SX M .(Q)\\ HS < C'5 X J 2 

because of J6.28b . So the norm \ \Xn(Q)SX f (Q)\\ can be made as small as we wish by 
choosing r large enough. H 
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Corollary 6.8 Let X = R™, /i the Lebesgue measure, and L a uniformly discrete 
subset ofW 1 . Then a pseudo-differential operator of class S° on L 2 (X) is decay 
preserving with respect to T^, and Th- 

Proof: In the first case we use Theorem 16. II by taking into account that a pseudo- 
differential operator of class S° belongs to B(L P (X)) for all 1 < p < oo and that the 
adjoint of such an operator is also pseudo-differential of class 5°. The second case has 
already been considered in Theorem l6.6l For the third case, note that the distribution 
kernel of such an operator verifies the estimates \S(x,y)\ < Ck\x— y\~ n (l+\x— y\)~ k 
for any k > 0, see IIHol . H 



7 Weakly vanishing perturbations 

In this subsection we reconsider the framework of Subsection|5]and improve, but with a 
stronger assumption a G B(Jif), the decay condition J5.20l >. We shall consider on Jrf? 
the class of "vanishing at infinity" functions corresponding to the algebra B W (X), in 
other terms we equip Jif with the Hilbert module structure associated to the multiplier 
algebra {(p(Q)\(p G B W (X)}. By Lemma l6~3l (£f , remains a compact Friedrichs 
module. The space inherits a natural direct sum Hilbert module structure. 

We keep the notations and terminology of Sections [5] and |S] We recall that an 
operator D*aD : J4? m — > J$?~ m is coercive if there are numbers /x, v > such that 

Re (Du, aDu) > (J,\\u\\%, m - u\\u\\%, Vu G JT m . (7.29) 

Clearly the next lemma remains true if the filter T w is replaced by or Tl- 

Lemma 7.1 Assume that a G B(Jtf) is J- w -decay preserving and that the operator 
D*aD : J^f m — > J4?~ m is coercive. Then D(A a — is J- w -decay preserving if 
Re z < — v, where v is as in \7.2% . 

Proof: We shall use Proposition l3.7l with c the the identity operator in $f ', so A = A c 
is the operator in ffl associated to D*D = '}2\ a \<: m P 2a , which is the canonical 
(Riesz) positive isomorphism of £f onto C S* and ( 17.291 1 means Re D*aD > /j,D*D — v. 
WehaveL>(A- z)' 1 G B q {3tf,X) and D(D*D - z)- x D* G B q {Jt) if Re z < 
because these operators consist of matrices of pseudo-differential operators with con- 
stant coefficients of class S°, so we can use Theorem l6.6l H 

We now consider two operators J4? m — > J4?~ m of the form 

D*aD= pota a pP P and D*bD = ^ pa KpP P 

|a|,|/3|<m |a|,|/3|<m 

where the coefficients are continuous operators a a p, b a p : Jtf? m -\0\ — > Jf?\ a \- m satis- 
fying some other conditions stated below and denote as usual A a and At the operators 
in J4? associated to them. 
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Theorem 7.2 Assume that the operators D*aD and D*bD are coercive and that their 
coefficients satisfy the following conditions: (1) a a p € B(34?) and are J- w -decay 
preserving operators; (2) if\a\ + \(3\ = 2m then a a /3 — b a p is left T^-vanishing at 
infinity; (3) if\a\ + \f3\ < 2m then a aP - b af) G !C{j4? m -^, JfW- m ). Then the 
operator A b is a compact perturbation of A a , in particular a ess (A (A 6 ). 

Proof: We check the conditions of Theorem 13. 51 Because of the coercivity assump- 
tions, condition (1) is fulfilled, and (3) is satisfied by Lemma lTTl The part of condition 
(2) involving the coefficients such that |a| + |/3| = 2m is satisfied by definition, for the 
lower order coefficients it suffices to use (13. 10i . B 

Remark 7.3 If a a p and b a p are bounded Borel functions and a a p — b a p € B W (X) 
for all a, (3, then the conditions (l)-(3) of the theorem are satisfied. Indeed, in order to 
check the compactness conditions on the lower order coefficients note that, by Lemma 
16.31 if if G B W (X) then the operator ip(Q) : 34? s — > 34?~ l is compact if s, t > and 
one of them is not zero. 

The next result is a more general but less explicit version of Theorem 17. 21 This is 
an improvement of |OS Theorem 2.1], thus it covers some subelliptic operators. 

Theorem 7.4 Assume that D*aD satisfies X7.29X and that is a closed densely de- 
fined operator such that there is z € p(Ab) with Re z < —v. Moreover, assume that 
a, b satisfy the conditions (l)-(3) of Theorem X? \2\ Then the operator A^ is a compact 
perturbation of A a . 

Proof: We shall apply Theorem 13.21 with A = A a and B — A^. The assumption 
(AB) is clearly satisfied and we take A = D*aD and B = D*bD, hence B — A = 
D* (b - a)D. Then let S = D* and T = (b - a)D. ■ 

Finally, let us note that one should be able to use Theorem 13. 21 to treat situations 
when the coefficients a a p and b a p are unbounded operators even if |a| = (3\ = m (as in 
IOS1 Theorem 3.1] and I Ball IB a^ 1 ). see the framework of Example 13. H and Corollary 
13.41 but we shall not pursue this idea here. 



8 Riemannian manifolds 

Let 34?, be two Hilbert spaces identified with their adjoints and d a closed densely 
defined operator mapping 34? into Jf. Let W =T>(d) equipped with the graph norm, 
so 5f C 34? continuously and densely and d 6 B(W, J(?). 

Then the quadratic form || du\\ ^ on 34? with domain £f is positive densely defined 
and closed. Let A be the positive self-adjoint operator on 34° associated to it. In fact 
A = d*d, where the adjoint d* of d is a closed densely defined operator mapping 3f? 
into 34?. 

Now let A S B(J4?) and A g B(34f) be self-adjoint and such that A > c and A > c 
for some real c > 0. Then we can define new Hilbert spaces 3%? and 3i? as follows: 

{3^ = 34? as vector space and (u I v) -zz, = {u I Xv) j#> , 
3if = 3(? as vector space and (u \ v) ^ — (u \ Av)j^. 
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Since ^ = J4? and = as topological vector spaces, the operator d : W C 
Jt? — > J?T is still a closed densely defined operator, hence the quadratic form ||du||?-^ 

on with domain C S is positive, densely defined and closed. We shall denote by A 
the positive self-adjoint operator on ffl associated to it. 

We can express A in more explicit terms as follows. Denote by d the operator d 
when viewed as acting from ffl to .Jfc . Then A = d*d, where d* : 2?(d*) C Jfc — > 
ffl is the adjoint of d = d with respect to the new Hilbert space structures (the spaces 
<ffl , being also identified with their adjoints). It is easy to check that d* = A _1 d*A. 
Thus A = A _1 d*Ad. 

Now let (X, p) be a proper locally compact metric space (see the definition before 
Corollarv l2.21> and let us assume that and Jff are Hilbert X-modules. 

Definition 8.1 A closed densely defined map d : T)(d) C — > J?T is a first order 
operator if there is C G R such that for each bounded Lipschitz function tp on X the 
form [d, ip(Q)} is a bounded operator and \\[d,Lp{Q)]\\ B (^£jf-j < CLipip. 

Here 

Lip</? = inf \<p(x) ~ (p(y)\p(x, y y l . 

xjty 

In more explicit terms, we require 

\(d*u,(p(Q)v},#f - (u,ip(Q)dv) J(r \ < CUpip\\u\\^\\v\\j^ 

for all u G T)(d*) and v G V(d). Thus (d*u, ip(Q)v) — (u, (p(Q)dv) is a sesquilinear 
form on the dense subspace 2?(d*) x T>(d) of Jff x which is continuous for the 
topology induced by Jff 3 x Hence there is a unique continuous operator [d, f{Q)] : 
,3^ — > such that 

(d*u, (p(Q)v)jff - (u, ip(Q)dv) je = (u, [d, <p(Q)]v)j(r 

for all u G T>(d*), V G V{d) and || [d, <^(<9)]||s(^r,jr) < CLip^. 

Lemma 8.2 The operator d(A + is decay preserving. 

Proof: We shall prove that S := d(A + is a decay preserving operator with the 
help of Corollary 12.211 more precisely we show that [S, (f(Q)] is a bounded operator 
if ip is a positive Lipschitz function. Let e > and tp e = (p(l + eip)^ 1 . Then <p e is a 
bounded function with \tp e \ < e _1 and 

We{x) ~ <Pe(y)\ = T— TTT7T— 7 \T < W ~ WW 

(l + e¥>(x))(l + ep(2/)) 
hence Lip i/j s < Lip y?. Let i> G T>(d) we have for all u G 2?(d*): 

Kd*«,vJ 6 (Q)«>jr| = \(u,<p e (Q)dv)^ + (u,[d,ip e (Q)]v) J(r \ 
< hWjti^WMljt + CLip<y9 e ||u||^r). 
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Hence (fi e {Q)v € V(d**) = D(d) because d is closed. Thus ip E (Q)V(d) C X>(d) 
and by the closed graph theorem we get ip e (Q) € B(&), where is the domain of d 
equipped with the graph topology. This also implies that ip e {Q) extends to an operator 
in 23 (Sf*) (note that <p E (Q) is symmetric in Jff). 

Now, if we think of d as a continuous operator 5f — > Jf, then it has an adjoint 
d* : Jff — > ^* which is the unique continuous extension of the operator d* : D(d*) C 
J^" — > C W*. Thus the canonical extension of A to an element of is 
the product of d : 5f — > with d* : — » ^* (note ©(d) is the form domain of A). 
Then it is trivial to justify that we have in 23 (Sf, *): 

[A,^(Q)] = [d*,^(Q)]d + d*[d,^(Q)]. 

Here [d*,<p e (Q)] = [<p e (Q),d]* e 23(JT, ). Since A + 1 : <3 -» ^* is a linear 
homeomorphism, we then have in 23 (Sf *, ): 

b e (Q),(A + l)- 1 ] = (A + 1)- 1 [A,^(Q)](A + 1)- 1 
= (A + l)- 1 [^(Q),d]*d(A + l)- 1 
+ (A + irM'Id.VeCQJKA + l)- 1 . 

Finally, taking once again into account the fact that tp e (Q) leaves ^ invariant, we have: 

[MQUiA + iy 1 ] = [^(g),d](A + i)- 1 

+ d(A + l)- 1 b e (Q),d]*d(A + l)- 1 
+d(A + l)- 1 d*[d,^(Q)](A + l)- 1 . 

Hence: 

ll[^(g),d(A + i)- 1 ]|| B( ^ ijr) < ||[^(g),d]|| B( ^ jr) ||(A + i)- 1 || e( ^ ) 

+ ||d(A + l)- 1 || e( ^ jr) ||[^(Q),d]*|| e(jr ^ ) ||d(A + l)- 1 || e( ^ jr) 
+ ||d(A + l)- 1 d*|| 

The most singular factor here is 

||d(A + \Y x d*\ B( x^) < ll d lle(^,jr)ll( A + l) _1 ||B(#*,#)l|d*||B(jr,#*) 
and this is finite. Thus we get for a finite constant C\ : 

||[^(Q),d(A + l)- 1 ]|| e( ^ ijr) < Ci||[d )Ve (Q)]|| B(jrijr) 

< CiCLip(p £ < CiCLip^ 

Now let u e and v € Jf c . We get: 

|MQ)u, d(A + ly'v) - (u, d(A + 1)"V(QW| = 

= lim|(^(Q)n,d(A + l)- 1 t;}-<^d(A + l)-V £ (QMI 
< CiCLip^ 

Thus [ip(Q), d(A + is a bounded operator. I 
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Theorem 8.3 Let (X, p) be a proper locally compact metric space. Assume that (£f , Jfl? ) 
is a compact Friedrichs X-module and that is a Hilbert X -module. Let d, A, A be 
operators satisfying the following conditions: 

(i) d is a closed first order operator from J 1 ^ to JK with T>(d) = & '; 

( ii) A is a bounded self-adjoint operator on J4? with inf A > and such that A — 1 £ 
tC(&,Jt?) (e.g. A - 1 S B (J^)j; 

( Hi) A /s a bounded self-adjoint operator on J(f with inf A > and such that A — 1 £ 

Then the self-adjoint operators A and A have the same essential spectrum. 

Proof: In this proof, we shall consider A as an operator acting on Jf, Since Jff — 
as topological vector spaces and the notion of spectrum is purely topological, A is a 
closed densely defined operator on Jt? and it has the same spectrum as the self-adjoint 

A on Jtf. Moreover, if we define the essential spectrum cr eS s (A) as the set of z £ C 
such that either ker( A— z) is infinite dimensional or the range of A — z is not closed, we 
see that the essential spectrum is a topological notion, so ct CS s(A) is the same, whether 

we think of A as operator on or on 31? . Finally, with this definition of er oss we 
have a ess (A) = a css (B) if (A — z)^ 1 — (B — z)^ 1 is a compact operator for some 

ze P (A)n P (B). 

Thus it suffices to prove that (A + - (A + £ /C(Jf). Now we observe 

that 

A + 1 = \- 1 d*Ad + 1 = A~ x (d*Ad + A) 

and Aa = d*Ad is the positive self-adjoint operator on associated to the closed 
quadratic form ||dw||~ on ffl with domain < S. Thus (A + = (Aa + A) _1 A and 

(A + l)- 1 - (A A + A)- 1 = (A A + X)-\\ - 1) = [(A - 1)(A A + A)- 1 ]* 

The range of (A A + A) -1 is included in the form domain of A A + A, which is . 
The map (A A + A) -1 : ffl — > 5f is continuous, by the closed graph theorem, and 
A — 1 : 'S — > is compact. Hence (A + — (A A + A) -1 is compact. Similarly: 

(A + l)- 1 - (A A + A)" 1 = (d*d + l)- 1 - (d*Ad + I)" 1 £ Kl(Jf) 

For this we use Theorem B . 51 with: <§ = Jtf, D = d, a = 1, b = A and z = — 1. Since 
d*d and d* Ad are positive self-adjoint operators on with the same form domain W, 
the first condition of Theorem B. 5l is satisfied. Then the second condition holds because 
A — 1 £ Bq(J^). Thus it remains to observe that the operator d(A + is decay 
preserving by Lemma l8~2l I 

We shall consider now an application of Theorem l8 . 3l to concrete Riemannian man- 
ifolds. It will be clear from what follows that we could treat Lipschitz manifolds with 
measurable metrics (see IIDPI IHil ITel I We i for example), but the case of C 1 manifolds 
with locally bounded metrics suffices as an example. Note, however, that the arguments 
of the proof of Theorem l8 ,4l cover without any modification the case when X is not C 1 
but is a Lipschitz manifold and a countable atlas has been specified, because then the 
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tangent space are well defined almost everywhere and the absolute continuity notions 
that we use make sense. 



From now on in this section X is a non-compact differentiable manifold of class 
C 1 . Then its cotangent manifold T*X is a topological vector fiber bundle over X 
whose fiber over x will be denoted T*X. If u : X — ► M is differentiable then du(x) € 
T*X is its differential at the point x and its differential du is a section of T*X. Thus 
for the moment d is a linear map defined on the space of real C 1 (X) functions to the 
space of sections of T*X. 

A measurable locally bounded Riemannian structure on X will be called an R- 
structure on X. To be precise, an R-structure is given on X if each T*X is equipped 
with a quadratic (i.e. generated by scalar product) norm || ■ \\ x such that: 



{if v is a continuous section of T*X over a compact set K such that 
v(x) ^ for a; G if, then x i— > ||u(a;)|| x is abounded Borel map on 
K and ^(a;)^ > c for some number c > and all x £ K. 



Such a structure allows one to construct a metric compatible with the topology on 
X, the distance between two points being the infimum of the length of the Lipschitz 
curves connecting the points (see the references above). Since X was assumed to be 
non-compact, the metric space X is proper in the sense defined in Subsection l2.3l if and 
only if it is complete. If this is the case, we say that the R-structure is complete. 

It will also be convenient to complexify these structures (i.e. replace T*X by 
T*X <S) C and extend the scalar product as usual) and to keep the same notations for 
the complexified objects. 

We shall consider positive measures pon X such that: 



A couple consisting of an R-structure and a measure verifying (M) on X will be called 
an RM-structure on X. The definition of a complete RM-structure is obvious. To an 
R-structure we may canonically associate an RM-structure by taking p equal to the 
Riemannian volume element. 

If an RM-structure is given on X then we may consider the two Hilbert spaces 
J^f = L 2 (X, fi) and defined as the completion of the space of continuous sections 
with compact support of T*X equipped with the norm 



In fact, Jfr is the space of (suitably defined) square integrable sections of T*X. 

The operator of exterior differentiation d induces a linear map (X) — > J€ which 
is easily seen to be closable as operator from to (this is a purely local problem 
and the hypotheses we put on the metric and the measure allow us to reduce ourselves 
to the Euclidean case). We shall keep the notation d for its closure and we note that its 
domain 'S is the first order Sobolev space J^ 1 defined in this context as the closure of 




/i is absolutely continuous and its density is locally bounded 
and locally bounded from below by strictly positive constants. 
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(X) under the norm 




/ (\u(x)\ 2 + \\du(x)\\l)dn(x) 



J X 



The self-adjoint operator A = d*d in Jff associated to the quadratic form || • \\ 2 ^i is 
the Laplace operator associated to the given RM-structure. This is a generalized form 
of the Laplace operator associated to the Riemannian structure of X because p is not 
necessarily the Riemannian volume element. 

Two RM-structures ({|| • Hajzex, A*) an d ({|| ■ llxJ^eX) /•*') on AT are called equiva- 
lent if there are bounded Borel functions a, (3, A on X with a > c and A > c for some 
number c > such that a(x)|| • \\ x < \\ ■ \\' x < f3(x)\\ ■ \\ x for all x and p! = Xp. 
The distances p, p' on X associated to these structures satisfy ap < p' < bp for some 
numbers b > a > 0, hence if one of the RM-structures is complete, the second one is 
also complete. Notice that the spaces J4f, associated to equivalent RM-structures 
are identical as topological vector spaces. 

Two RM-structures are strongly equivalent if they are equivalent and if the func- 
tions a, (3, A can be chosen such that X(x) — > 1, a(x) — > 1 and j3(x) — > 1 as x — > oo. 

Theorem 8.4 The Laplace operators associated to strongly equivalent complete RM- 
structures on X have the same essential spectrum. 

Proof: We check that the assumptions of Theorem l8.3l are satisfied. We noted above 
that X is a proper metric space for the metric associated to the initial Riemann struc- 
ture. The spaces 3>P , have obvious A-module structures and for each cp S C C (X) 
the operator <p(Q) : Jt? 1 — > is compact. Indeed, by using partitions of unity, 
we may assume that the support of ip is contained in the domain of a local chart and 
then we are reduced to a known fact in the Euclidean case. Thus (£f , Jt?) is a compact 
Friedrichs X-module. To see that d is a first order operator we observe that if tp is Lips- 
chitz then [d, <p] is the operator of multiplication by the differential dip of ip and the esti- 
mate ess-sup ||d^?(a;)|| x < Lip ip is easy to obtain. The conditions on A in Theorem l8.3l 
are trivially verified. So it remains to consider the operator A. For each x £ X there is 
a unique operator Aq(x) on T*X such that (u\v)' x — {u\Kq(x)v) x for all u, v £ T*X 
and we have a(x) 2 < Ao(a;) < (3{x) 2 by hypothesis. Here the inequalities must be 
interpreted with respect to the initial scalar product on T*X. Thus the operator A on 
Jjf is just the operator of multiplication by the function A(x) — X(x)Aq(x) and the 
condition (iii) of Theorem l8.3l is clearly satisfied. I 

The (strong) equivalence of two R-structures is defined in an obvious way. Note that 
if p, p! are the Riemannian measures associated to two strongly equivalent R-structures 
then the unique function A such that p! = Xp satisfies X(x) — * 1 as x — * oo. 

Corollary 8.5 The Laplace operators associated to strongly equivalent complete Re- 
structures on X have the same essential spectrum. 

We stress that if one of the Riemannian structures is locally Lipschitz then this 
result is easy to prove by using local regularity estimates for elliptic equations. 
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An assumption of the form a(x) — ► 1 as x — > oo imposed in the definition of 
strong equivalence means that the set where \a(x) — 1| > e is relatively compact for 
any e > 0. We shall consider now a weaker notion of equivalence associated to the 
filter introduced in Example l2.9l 

We first introduce two notions which clearly depend only on the equivalence class 
of an RM-structure. We say that an RM-structure is of infinite volume if (i(X) = oo. 
We say that it has the F-embedding property if for each Borel set F C X of finite 
measure the operator Xp(Q) : J^f 1 — + is compact. 

Remark 8.6 The F-embedding property is satisfied under quite general conditions. 
Indeed, the compactness of Xp(Q) : Jif 1 — ► Jif is equivalent to the compactness 
of the operator X F (Q)(A + ly 1 / 2 in 34? . Or the set of functions ip G C([0, oo[) 
such that Xp(Q)ip(A) is compact is a closed C*-subalgebra of C([0, oo[) so it suf- 
fices to find one function ip which generates this algebra such that Xp(Q)cp(A) be 
compact. But Xp(Q)(f(A) is compact if and only if Xp(Q)\ip(A)\ 2 Xp(Q) is com- 
pact, so we see that it suffices to show that for each Borel set F of finite measure 
there is t > such that Xp(Q)e~ tA Xp(Q) be compact. For example, it suffices that 
this operator be Hilbert-Schmidt, i.e. that the integral kernel P* of e~* A be such that 
Ifxf l-f*( x > u)\ 2 d^(x)dfi(y) < oo, which is true if Pt satisfies a Gaussian upper es- 
timate and the measure of a ball of radius t 1 / 2 is bounded below by a strictly positive 
constant (see |AC ACDH| and references there). 

Two infinite volume RM-structures will be called fi-strongly equivalent if they are 
equivalent and if the functions a, (3, A can be chosen such that for each e > the set 
where one of the inequalities \a(x) — 1| > e, \(3(x) — 1| > e or \a(x) — 1\ > e holds 
is of finite measure. 

We say that an RM-structure is regular if there is p > 2 such that d(A + 
induces a bounded operator in LP . More precisely, this means that there is a constant 
C such that if u € L 2 (X) D D>{X) then d(A + which is a section of T* X of 

finite L 2 norm, has an LP norm bounded by C||m||lp. If the operator d(A + l) _1 d* also 
induces a bounded operators in LP (in an obvious sense), we say that the RM-structure 
is strongly regular. From the relation d( A + l)~ 1 d* = [d(A + l)" 1 / 2 ][d(A + 1)" 1 / 2 ]* 
we see that strong regularity follows from: there is e > such that d(A + l) -1 / 2 
induces a bounded operator in LP for 2 — e < p < 2 + e. 

Theorem 8.7 Let A be the Laplace operator associated to an infinite volume complete 
RM-structure on X which has the F-embedding property and is regular. Then the 
Laplace operator associated to an RM-structure fi-strongly equivalent to the given 
structure has the same essential spectrum as A. 

Proof: Let A(x) be as in the proof of Theorem l8.4l Clearly there is a number C > 
such that C _1 < A(x) < C for all x and such that for each e > the set where 
||A(a;) — 1| > e is of finite measure (the inequalities and the norm are computed on 
T* X, which is equipped with the initial scalar product). 

Now we proceed as in the proof of Theorem [jO] but this time we equip 3%? and 
Jif with the Hilbert module structures described in Example l2.9l To avoid confusions, 
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we denote B^(Jif) and B^(J^) the space of decay improving operators relatively to 
these new module structures. The F-embedding property implies that (Jt? 1 ,^) is a 
compact Friedrichs module. Moreover, the operator A(Q) — 1 : J^f 1 — > is compact. 
Then, as in the proof of Theorem l8.3l we see that it suffices to prove that 

(d*d + I)" 1 - (d*A(Q)d + e /C(JT). 

Clearly A(Q) — 1 6 B fJi (J^). Now we use Theorem 13 .51 exactly as in the proof of 
Theorem l8.3l and we see that the only condition which remains to be checked is (3) of 
Theorem l3.5l i.e. in our case d(A + € Bg(J4?, J^), where the decay preserving 
property is relatively to the algebra B I1 (X). But this follows from Theorem l6.ll B 

One may check the regularity property needed in Theorem l8.7l bv using the results 
from I AC I IACD H I concerning the boundedness in LP of the operator d/Sr 1 / 2 . For 
example, it suffices that X be complete, with the doubling volume property, and such 
that the Poincare inequality holds in L? sense. Note, however, that these results are 
much stronger than necessary in our context and it seems reasonable to think that the 
boundedness of d(A + 1)~ 1//2 holds under less restrictive assumptions. 

The next result does not require regularity assumptions on any of the RM-structures 
that we want to compare but only on a third one in their equivalence class. Observe 
that each equivalence class of RM-structures contains one of the same degree of local 
smoothness as the manifold X (make local regularizations and use a partition of unity). 

Theorem 8.8 Let A a , A& be the Laplace operators associated to /i-strongly equivalent 
complete RM-structures of infinite volume and having the F-embedding property. If 
these structures are equivalent to a strongly regular RM-structure, then A a and Ah 
have the same essential spectrum. 

Proof: Let A c be the Laplace operator associated to the third structure. From Theorem 
16. H it follows that d(A c + and d(A c + 1)~ 1 D* are right .F^ -decay preserving. 
Then from Proposition l3.7l we see that d(A a + is right JF^-decay preserving and 
we may conclude as in the proof of Theorem l8.7l H 

Remark 8.9 It is natural to consider an analog of the filter T w introduced in Section[6] 
to get an optimal weak decay condition for the stability of the essential spectrum in the 
present context. The techniques of Section[6]should be relevant for this question. 

Remarks on Laplace operators acting on forms: We shall describe here, without 
going into details, an abstract framework for the study of the Laplace operator acting 
on forms. Let J^f be a Hilbert space and d a closed densely defined operator in Jff 
such that d 2 = 0. For example, could be the space of square integrable differential 
forms over a Lipschitz manifold and d the operator of exterior differentiation. We 
denote 6 = d* and we assume that C S := T>(d) n T>(6) is dense in (which is a 
rather strong condition in the context of this paper, e.g. in the preceding example it is a 
differentiability condition on the metric). Then let D = d + S with domain C S , observe 
that ||-Du|| 2 = ||du|| 2 + ||<5u|| 2 so D is a closed symmetric operator, assume that D is 
self-adjoint, and define A = D 2 — dS + 5d (form sum). Then 

(A + l)- 1 = (D + i)- 1 (D-i)- 1 . (8.30) 
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Now let a £ B(Jf) with a > e > and such that a ±1( S C ^ and let be the 
Hilbert space which is equal to ffl as vector space but is equipped with the new the 
scalar product (u, v) a = (it, av). Denote d a the operator d viewed as operator acting 
in Jtf? a with adjoint 8 a = a~ 1 5a. We can define as above operators D a (with domain 
W a = W) and A a = D\ which are self-adjoint in 3f a and satisfy a relation similar to 
J8.30I I. Then A a is a compact perturbation of A if the operators (D Q ±i) -1 — (_D±i) -1 
are compact and this last condition is equivalent to the compactness of the operator 
D a — D -^ C S* ' . And this holds if (Sf , M 1 ") is a compact Hilbert X-module over a 
metric space X and a — 1 G Bq{M 1 ). 

9 On Maurey's factorization theorem 

The subject of this section is quite different from that of the rest of the paper: we 
shall prove a version of a factorization theorem due to Bernard Maurey which plays an 
important role in several arguments from the main part of this article. We first recall 
Maurey's result, cf. Theorems 2 and 8 in |Ma|. 

Theorem 9.1 Let 1 < p < 2 and let T be an arbitrary continuous linear map from 
a Hilbert space .Jf into L p . Then there is R £ B(Ji?,L 2 ) and there is a function 
g £ L q , where - = | + such that T = g(Q)R. 

We have stated only the particular case we need of the theorem (the result extends easily 
to larger classes of Banach spaces The LP spaces refer to an arbitrary positive 

measure space (X, /x). 

Before going on to our main purpose, we shall state an easy consequence of this 
theorem which is needed in Sections0and[8] Let {J^(x)} x ^x be a measurable family 
of Hilbert spaces (see IDil Ch. II]) such that the dimension of Jtf(x) is < N for some 
finite N. Let = J x Jff (x)dfi(x) be the corresponding direct integral and for each 
p > 1 let be the space of (/i-equivalence classes) of measurable vector fields v such 
that J x \\v(x)\\ p ^ r ^dii(x) < oo. Thus J€p is naturally a Banach space and J^> = Jfc ' ■ 

Corollary 9.2 Let Jfl? be a Hilbert space and let T £ B( J%?, Jffp) with 1 < p < 2. 
Then there is R £ B(J^f, J^) and there is a function g £ L q , where q = 2p/(2 — p), 
such that T = g(Q)R. 

Proof: For each n = 1, . . . , TV let X n be the set of x such that the dimension of J^(x) 
is equal to n. Then X is the disjoint union of the measurable sets X n . For each x 
there is n such that x £ X n and we can choose a unitary map j(x) : J^(x) — > C" 
such that {j x } be a measurable family of operators. Let J be the operator acting on 
vector fields according to the rule (Jv)(x) = j(x)v(x), let H n be the operator of 
multiplication by X Xn , and let T„ = n„JT £ B(JF, L'P(X n ; C")). We can write 
T n = (T*)i< fc <„ with T% £ B{ , L»(X n )) and Maurey's theorem gives us a factor- 
ization T% = gl{Q)S* with £ B(J^ , L 2 {X n )) and g* £ L q (X n ), and clearly we 
may assume g\ > 0. Let g n = sup fe £ L q (X n ) and 5 n £ L 2 (X„; C™)) be 

the operator with components (g^ L g~ 1 )(Q)R^. Then T n = g n {Q)S n and if we define 



43 



Rn = J 1 S n we get 

9n{Q)Rn = J- 1 9n(Q)S„ = J" 1 ^ = IL n T. 

Thus, if we define g = ^ n Xx n g n and R = J] n n i?„, we get T = g(Q)R. B 

Our purpose in the rest of this section is to extend Theorem 19. II (in the case X = 
R") to more general classes of spaces of measurable functions, which do not seem to 
be covered by the results existing in the literature, cf. |Kr|. Our proof follows closely 
that of Maurey. We first recall Ky Fan's Lemma, see BDJTI 9. 10]. 

Proposition 9.3 Let K, be a compact convex subset of a Hausdorff topological vector 
space and let & be a convex set of functions F : K, — >] — oo, +oo] such that each 
F G & is convex and lower semicontinuous. If for each there is g <E JC such 

that F(g) < 0, then there is g £ K, such that F(g) < Ofor all F € & . 

We need a second general fact that we state below. Let (X, p) be a a-finite positive 
measure space and let L°(X) be the space of /i-equivalence classes of complex valued 
measurable functions on X with the topology of convergence in measure. Let Jzf be a 
Banach space with Jzf C L (X) linearly and continuously and such that if / G L (X), 
g G Jz? and |/| < |<ji| (/it-a.e.) then / G Jz? and < 1 1 .9 1 1 _sf - The next result is a 

rather straightforward consequence of Khinchin's inequality IDJTI 1.10] (see also | Pi 
Section 8]). 

Proposition 9.4 There is a number C, independent of J£ , such that for any Hilbert 
space J^f and any T G B(iff , J£) the following inequality holds 

IKE^I 2 ) 172 !!^ < curii^^^ll^ll 2 ) 1 / 2 (9.3i) 

for all finite families {uj} of vectors in 

From now on we work in a setting adapted to our needs in Section Q although 
it is clear that we could treat by the same methods a general abstract situation. Let 
X = R™ equipped with the Lebesgue measure, denote Z = Z", and for each a G Z let 
K a = a + K, where K =] — 1 /2, 1/2]™, so that K a is a unit cube centered at a and we 
have X = [J aeZ K a disjoint union. Let X a be the characteristic function of K a and 
if / : X — » C let f a = f\K a . We fix a number 1 < p < 2 and a family {\ a }a£Z of 
strictly positive numbers A a > and we define Jzf = £\(L P ) as the Banach space of 
all (equivalence classes) of complex functions / on X such that 

WfWsf := (^||A a X a /|| 2 LP ) 1/2 <oo. (9.32) 

aez 

Here LP = L P (X) but note that, by identifying X a f = f a , we can also interpret J2? 
as a conveniently normed direct sum of the spaces L p (K a ), see IIDJTI page XIV]. If 
A a = 1 for all a we set £\{L P ) = £ 2 (L P ). Observe that £ 2 (L 2 ) = L 2 {X). 

Let q be given by | = i + |, so that l<p<2<(7<oo. We also need the space 
Jt = £f(L q ) defined by the condition 

\\9\\^ : = sup \\X a X a g\\Li < oo. (9.33) 

a£Z 
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The definitions are chosen such that ||.gu||_sf < ||<?||.^d|w||L 2 where L 2 = L 2 (X). As 
explained in |DJT page XV], the space ^# is naturally identified with the dual space 
of the Banach space = i 1 x _ 1 (L q ), where | + = 1, defined by the norm 

\\h\U, -^^WK'XahW^. 

Below, when we speak about w*-topology on ^ we mean the o(y$, ', ^#») -topology. 
Clearly 

JZ+ = {geJf | 5 >0, \\g\\jt <1} 
is a convex compact subset of ^ for the w* -topology. 

Lemma 9.5 For each f £ «Sf there is g £ such that \\f\\ — ||<7 _1 /I|l 2 - 
Proof: We can assume / > 0. Since 1 = | + |, we have: 

ll/alk, - ||/a||^ 2 ||/ Q ||^ = H/^IMI/^IIl, = 1 1 | U 2 1 1 I W 

with the usual convention 0/0 = 0. Now we define g a on K a as follows. If f a = 
then we take any g a > satisfying A a ||<? ||i,8 = 1. If f a ^ let 

9a = Xa 1 {fa/\\fa\\L,) P/q = K^fS'l^fi'*- 

Thus we have A a ||g a ||L<j = 1 for all a, in particular \\g\\^ = 1. By the preceding 
computations we also have \\f a \\Lp = ha X fa\\L 2 \\9a\\L<> and so 

Il/H 2 ^ = E A all/ a H! P = E ^ahaWhha'faWh = E H^/alll* 

which is just ||(7 _1 /||| 2 - ^ 

The main technical result follows. 

Proposition 9.6 Lef (f u )ueu be a family of functions in Jz? such that, for each a — 
(a u ) U £u with a u £ R, ct u > ana? a a 7^ 0/or af moif a finite number of u, the 
function f a :— (^2 u \ctuf u \ 2 ) 1 ^ 2 satisfies \\f a \\jg < ||a||^2(m. Then there is g £ 
such that \\g~ 1 f u \\L 2 < 1 for all u £ [/. 

Proof: For each a as in the statement of the proposition we define a function F a : 

„d£^ — >] — 00, +00] as follows: 

f«oo = h~ x rtv imi* (I q = E^di^ni! 2 - 1). 

u 

Our purpose is to apply Proposition 19.31 with J?T = equipped with the w*- 

topology and & equal to the set of all functions F a defined above. We saw before 
that is a convex compact set. From the second representation of F a given above it 
follows that & is a convex set. Each F a is a convex function because ||.g _1 / Q |||2 = 
J g~ 2 (f a ) 2 dx and the map 1 1— ► t~ 2 is convex on [0, 00 [. We shall prove in a moment 
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that F a is lower semicontinuous. From Lemma l9~5l it follows that there is g a € J£T 
such that = ||<?q 1 /"||l 2 - Then by our assumptions we have 

F a (g a ) = \\f a \\% - \\a\\% (u) < 0. 

From Ky Fan's Lemma it follows that one can choose g 6 such that F a (g) < for 
all a, which finishes the proof of the proposition. 

It remains to show the lower semicontinuity of F a . For this it suffices to prove that 
9 115 /111,2 G [0, oo] is lower semicontinuous on if / € Jzf, / > 0. But 

and the set of lower semicontinuous functions — * [0, oo] is stable under sums 
and upper bounds of arbitrary families. Hence it suffices to prove that each map g i— > 
Ik 9a 2 fa^ x * s l° wer semicontinuous. This map can be written as a composition <f>o J a 
where J a : jtft — > L q (K a ) is the restriction map J a g = g a and cf> : L q (K a ) — ► [0, oo] 
is defined by (f)(6) — J K 6~ 2 f 2 dx. The map J a is continuous if we equip L q (K a ) 
with the weak topology and with the w* -topology because it is the adjoint of the 
norm continuous map L q (K a ) — » which sends u into the function equal to u 
on K a and elsewhere. Thus it suffices to show that <f> is lower semicontinuous on 
the positive part of L q (K a ) equipped with the weak topology and for this we can use 
exactly the same argument as Maurey. We must prove that the set {6 E L q (K a ) \ 9 > 
0, 4>{6) < r} is weakly closed for each real r. Since <p is convex, this set is convex, so 
it suffices to show that it is norm closed. But this is clear by the Fatou Lemma. H 

Theorem 9.7 Let ffl be a Hilbert space and T : Jff 1 — » Jz? a linear continuous map. 
Then there exist a linear continuous map R : ffl — > L 2 (X) and a positive function 
g € ^ such that T = g(Q)R. 

Proof: Let U be the unit ball of Jt? and for each u E U let /" = Tu. From Proposition 
l94lwe get 

ll/°l|jsf = IKEjrK w )| 2 ) 1/2 ||^ < >i(E„ll«»«ll a ) 1/a < MJ2u\au\ 2 ) 1/2 

where A = C\\T\\ B ^^y Since there is no loss of generality in assuming A < 1, 
we see that the assumptions of Proposition 19.61 are satisfied. So there is g E 
such that \\g~ 1 Tu\\ L 2( X ) < 1 for all u E U . Thus it suffices to define R by the rule 
Ru = g- 1 Tu for all uEJ>f. ■ 

A Appendix 

Let (Sf , be a Friedrichs couple and C C * the Gelfand triplet associated 
to it. To an operator S E B(Sf,Sf*) (which is the same as a continuous sesquilinear 
form on Sf) we associate an operator S acting in J4? according to the rules: T>(S) — 
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S- l (J^), S = S\V(S). Due to the identification = <S , the operator S* is an 
element of BifS , ( S*), so S* makes sense. On the other hand, if S is densely defined 
in Jt? then the adjoint S* of S with respect to J%? is also well defined and we clearly 
have S* C S*. 

Lemma A.l If S — z : *S — > £f* is bijective for some z£C, then S is a closed densely 
defined operator, we have S* — S* and z G p{S). Moreover, the domains T>(S) and 
T>(S*) are dense subspaces ofiS. 

Proof: Clearly we can assume z = 0. From the bijectivity of S : W — > ^* and the 
inverse mapping theorem it follows that S and S* are homeomorphisms of £f onto Sf*. 
Since is dense in £f*, we see that 2?(S') and T>(S*) are dense in £f, hence in 
Since 5* C 5*, the operator S* is also densely defined in ffl . Thus S is densely 
defined and closable. We now show that it is closed. Consider a sequence of elements 
u n G I? (5) such that «„ — > u and 5u„ — » u in Then Sttn — > u in ^* hence, 
being continuous, u„ — > S* -1 ?; in £f , so in Hence u = S~ x v £ T>(S) and = v. 

We have proved that S is densely defined and closed and clearly G /C^S*). Then 
we also have G /?(£*), so S* : D(5*) -> is bijective. Since S* : V{S*) -> 
is also bijective and S* is an extension of S*, we get S* = S*. B 

A standard example of operator satisfying the condition required in Lemma lA~T1 is 
a coercive operator, i.e. such that Re (u, Su) > fJt\\u\\cg — v\\u\\\g> for some strictly 
positive constants fi, v and all u G . Indeed, replacing S by S + v, we may as- 
sume Re (u,Su) > Since S* verifies the same estimate, this clearly gives 
> /tx||u||^ and ||S*w||^. > mIMI# f° r all u <= • Thus S and S* are 
injective operators with closed range, which implies that they are bijective. 

If A is a self-adjoint operator on J^f then there is a natural Gelfand triplet associ- 
ated to it, namely V(\A\ 1/2 ) C Jt? C V(\A\ 1/2 )*. Then A extends to a continuous 
operator A : £>(|A| 1/2 ) — > £>(|A| 1/2 )* which fulfills the conditions of Lemma lA.ll 
and one has Aq = A. In our applications it is interesting to know whether there are 
other Gelfand triplets ^ C if C ^* with V(A) C and such that A extends to a 
continuous operator 5f — > £f*. For not semibounded operators, e.g. for Dirac opera- 
tors, many other possibilities exist such that £f is not comparable to V(\ A] 1 / 2 ). But if 
A is semibounded, then the class of spaces £f is rather restricted, as the next lemma 
shows. 

Lemma A.2 Assume that A is a bounded from below self-adjoint operator on J4? and 
such that T>(A) C densely. Then A extends to a continuous operator A : Sf — > 5f * 
if and only if ( S C PdAI 1 / 2 ) ant/ in f/jis case A = Ao|c^. 

Proof: We prove only the nontrivial implication of the lemma. So let us assume that A 
extends to some A G B(fS , C S*). Replacing A by A + A with A a large enough number, 
we can assume that A > 1. For u G T>(A) we have 

\\A^ 2 u\\je = ^A^ = ^{u,Au) < C\\u\y, 
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where C 2 = \\A\\<g^<g, . Since T>(A) is dense in W, it follows that the inclusion map 
V{A) —> V(A 1 / 2 ) extends to a continuous linear map J : <g -> ^(A 1 / 2 ). If u g ^ 
then there is a sequence {u„} in T>(A) such that w„ — > u in §f . Then J(u n ) — > J(tt) 
in ©(A 1 / 2 ). Since 5f and P(A 1 / 2 ) are continuously embedded in Jif we shall have 
u n — > u in J^ 9 and tt„ = J(u n ) — > J(u) in J^f, hence J(u) = -u for all u g Sf. In 
other terms, C ©(A 1 / 2 ). ■ 

We note that, under the conditions of the lemma, the inclusions V(A) C ^ and 
( S C PdAI 1 / 2 ) are continuous (by the closed graph theorem), so we have a scale 

V(A) c c Pd^l 1 / 2 ) c^c Z>d^l 1/2 )* c^c ©(A)* 
with continuous and dense embeddings (because 2?(A) is dense in PdAI 1 / 2 )). 
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